PHYSICAL REVIEW A

VOLUME 42, NUMBER 3

1 AUGUST 1990

Expectation values of 7 for arbitrary hydrogenic states

G. W. F. Drake and R. A. Swainson
Department of Physics, University of Windsor, Windsor, Ontario, Canada N9B 3P4
(Received 16 March 1990)

Expectation values of r” for an arbitrary nl hydrogenic state are expressed in terms of state-
independent coefficients that are determined by a simple recursion relation. Explicit results are
given for negative P down to — 16 and, by an algebraic transformation, for positive P up to 13.
Closed-form expressions are obtained for the coefficients of the two highest-order terms in / multi-
plying each power of n. The result is an asymptotic expression valid for each P and sufficiently large

L

I. INTRODUCTION

The derivation of general expressions for expectation
values of r¥ with respect to hydrogen-atom wave func-
tions has a long history, beginning with the early work of
Waller,! Van Vleck,? and Pasternak.® Here, P is a posi-
tive or negative integer and r is the radial coordinate.
Such general expressions are particularly important in
asymptotic expansions for the energy and other atomic
properties of Rydberg atoms consisting of an electron in
a high-nl quantum state moving in the field of a polariz-
able core. For example, the ionization energy of the Ryd-
berg electron is given by the well-known expansion*

—AE=a,<r—4>+(az—6ﬁl)<r*°)+"' R)’, (1)

where a, is the dipole polarizability, «, is the quadrupole
polarizability, B, is the leading nonadiabatic correction
etc., and the expectation value is with respect to the Ryd-
berg electron.

The terms in Eq. (1) are currently known in their en-
tirety up to {r8).* Recent advances in experimental
precision for the Rydberg states of helium?® and the accu-
racy that can be achieved in variational calculations® call
for an extension of Eq. (1) to higher inverse powers. The
most extensive tabulation of expectation values (r %) by
Bockasten’ gives general expressions as a function of n
and / up to P=8. However, his method, which involves
sums over triple products of binomial coefficients, is alge-
braically tedious and difficult to extend to higher powers.
The purpose of this paper is to derive a simple recursion
relation which allows one sequentially to obtain general
expressions for any (r ~*) with a minimum of effort. Ex-
plicit results are given for all cases up to P=16.

II. MATHEMATICAL DERIVATION

We begin by observing that a general nonrelativistic
expectation value (r F) for a one-electron atom with
nuclear charge Z depends on n and / according to (in

atomic units)

N q
(nllr ~FInl) =FpGp(n,D) 3, CPnP 729723 aPf (D),
=0

q=0 r
(2)

where N =[P /2]—1 and f,(I)=( +r)t/(I —r)!is a func-
tion only of /. The notation [ ] denotes ““greatest integer
in.” The functional dependence on n and / in Eq. (2) fol-
lows from a theorem stated by Pasternak.® The quanti-
ties Fp, Gp(n,1), and C,” are chosen for convenience to
be
(P—3)
F (P/2—1)(P/2—2) )
P2 poodd,
[(P/2—3/2)7?

_2PzZPl—p+2)

for P even

Gp(n,1)= , 4)
i nPH20+P—1)
NRN(—1)7 N1
Cl=—"F"r—""r 2P —2s—5), 5
1 (P—2g—2)q! Eq( s =5 ®)
with C{¥’=(—1)" for all P. The above choices are sug-

gested by the known results up to P=8. They yield a use-
ful partial factorization of the final coefficients.

The remaining coefficients d,” are determined by use
of the Kramers-Pasternak recursion relation®

(r P72)= 4
(2l +P+1)2/—P—+1)

2P —1

Z<r——P—l)

P—1

— |Z%r ")
n“P

. (6)

Substituting Eqgs. (2)-(5) into (6) and equating coefficients
of equal powers of n and / yield the recursion relation

M|
1 .
(P+2)— P+1 _ (P) _ _ P)
d; —m((P~2q)(2P—l)d;,,+ 29 (P2, Hr(r+ D) =4P(P =212, 1) @)
forg =0,1,...,Nand r =0,1, .. .,q, starting with the values
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and coefficients with negative subscripts are taken to be zero. With these starting values, the recursion relation (7) has
the properties that

=1, (8)
=—9 (p_9y— _
dyg—1=—15(P—2¢—2)(P+2¢—3) 9
forall P>2and ¢ =0,1,...,[P/2]—1. The derivation of Eq. (7) requires at an intermediate step the use of the identi-
ty
(I=P2+1)I+P/2)f,(D=f,  ((D+[r(r+1)—1P(P —=2)]f,(]) . (10)

Since the coefficients given in Egs. (8) and (9) multiply the highest powers of / for each n, they determine the high-/
(and therefore necessarily high n) dependence of the integrals for all P. The result is

N
(nllr~Plnl) ~FpGp(n,l) EOCq(P)nP_zq_z[fq(l)—%(P —2¢ —2)(P+2q —3)f,_ (D], (11)
g=
—
with Fp, Gp(n,1), and C{P’ as defined by Eqs. (3)-(5). (21 +P +2)! 2P+3
One could of course apply directly the recursion rela-  {(nl|rf|n 1)———‘ L (nl|1/rPH3|nl) .
tion (6) to obtain sequentially the complete integrals for 2l D2z
particular values of n and /. However, the aim of the (12)

core-polarization mode is to obtain (as far as possible) the o . . . .
asymptotic potential in a state-independent form. From Substituting Eq. (2) into the right-hand side of (12) gives
this point of view, it is preferable to display and calculate nP-

separately the contribution from each inverse power of r. (nllrPInl Y =Fp 355 2PZ P 2 (PH) Pr2gti

In addition, the g=0 and 1 terms of the asymptotic Eq.
(11) completely determine the coefficients of the leading 4P+
1/n3 and 1/n° terms in a 1/n expansion of the integrals. 2 A (13)
This, together with Eq. (1), gives the corresponding 1/n _ -

expansion of the polarization energies and associated with N=[(P +1)/2]. This is identical in form to Eq. (2)

ES)

quantum defects for Rydberg states. except that the factor Gp.,(n,/) has been replaced by

The connection between matrix elements of positive n?~1/(2Z)F. Equation (13) is valid for all /, even though
and negative powers of r has been discussed by many au- the right-hand side of (12) diverges for / <N —1. The
thors.>°~'* For diagonal matrix elements, the result is asymptotic result corresponding to Eq. (11) is

P
(nllrfinl) = Fp+32P - 2 CPInP =21 f (=L (P—2g+1)(P +29)f,_ (D] . (14)

12
III. RESULTS

To save manual labor and ensure accuracy, it is now a straightforward matter to program the recursion relation (7)
and identify the numerical coefficients as rational fractions. There is never a problem of numerical cancellation because
the three terms on the right-hand side of (7) are always of the same sign (or sum to zero for the terms
d,(vf],), r=0,1,...,N —1 with P even). In addition, one knows that the product of the three coefficients Fp, C,;P), and
d;") in (2) must always be an integer. With this in mind, the results are

(1/r%)=G,(n,1)/2

(1/r*)=nG;(n,D) ,

(1/r*) =G, (n,D[3n*—f,(D],

(1/r°)=6Gs(n,H{3n > —n[f(D—L]},
(1/r)=3Gq(n,D{En*—10n[f (D= 2]+ f,(D} ,
(1/r7)=30G,(n,D{Zn’ = Ln3[f{(N=31+n[fr(D—Lf((D+1]},
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(1/r%)=10G4(n,D{ Bn®—63n [ f ()= 1]+21n?[ fL(D=3f () +L]—f(D} ,

(1/r°)=140G o(n,){*2n"— 203 f,(])—
(1/r'°)=35G o(n, {1 B21n¥— V6 n 8] £ (])—
=36n?[fy()—Rf (1) +32

s
(1/r''y=630G,,(n,){ 2Ln°—2n7[ f ()~

— 83 f (D)=L fo(D+A8F (D= BB [ f ()= f
%]+1430n6[f2(l)—13f,(l)+‘—;g—°

(1/r'2) =126G ,(n,1){ )82 10— 12153 n 8] £, () —
—1_433_0n4[f3(”
+55n[f4(D—=3f5(D

(1/r3)=2272G 3(n,H{ 42 n "~
—130n°[f5(D=20£,(1)
+2n [ f4(D—18f5(])
—n[fs(D—2f, ()

(1/r1%) =462G 4(n,){ 220 1

—4420n [ f5(1)—
+975n 4 f, (1) —
—78n 2 fs(1)—
(1/r®)=12012G 5(n,1){ 85125 13— 14858
— &0 7 f1(1) = f5(])
+255n°[f4(1)— 1L f1(])
—30n [ f5()—
+nlfo(H—12f5(1)
(1/r'%)=1716G \¢(n,1){ 1611525 p 14— 1300073 5 12[ £, (]

+11305n [ f,(1)—42f (1)
— 17854 f5(D)—Lif (1

+105n2[fo(1)—25f5(D)

__ 2372512 + 224972736
11 fl(l) 1001

The above equations agree with those given by
Bockasten” up to P=8. The presentation is slightly
different from the usual format in that the powers of n
are all even for P even and odd for P odd, with an extra
factor of 1/n being absorbed into Gp(n,!) for P odd.
This is done so that the recursion relation assumes the
same form for both P even and P odd. The results show
the usefulness of the factorization that has been achieved,
with the denominators being at most products of small
prime numbers.

%]+Eﬁn5[fz(1)

—15f,(D+ 12 f,(

+84f,(1)—
2995 p O £ (D =91+ Z2n [ £, (1) — L f (1) + 2
+ 8 £ (1)

+80f5(/)—

—L2‘75‘19f2(l)
S8 U F (D)= 21+ 1615n°[ £, (1) —
+a

— RS0
)—15]452003n [ £, () —

+32f(0)
)+T91f5(1)—

LY+ 9m3 £,(D=5F{(D+ L) —n[f5(D=3fF,(D+3f (-]},
§]+198n“[f2(1)—2—32f1(1)

+2]
=1+
—10f () + 1]

)+ £ (D=2 f((1D+64]}

3124

28 £ (1) + 1000 ]~ £ (D)

—p]

+174f,(D)— 18312 £, (1) + 3397
200 £.(1)
—8398n 1O £, (1) — L]+ L& n3[ £,(1)—20f,(])

Af,()+ B0
BN+ 8L, () —
Bf D)+ f ()

+1600f](1)— 1414i00]} ’

1391
+ 15

(=182 ]

£y (1) 40
O (D)= 250 L (D)
24f,(1)+133]

60

497 f (1) — 28 £ (1) + 238 ]

S D+ 22 f()—
+180f4(1)

— 1358056
55

BP0
+144001,(1)—

g fy ()

51811:00/‘1(1)
8 ()+185]

-+ 518];‘00]} s

—12755/7]
— 24
84 £ ()4 23260 £ ()
6908 (1)+ 222 £, (1)
1=77(0} .

+13718]

—— 2409320
33

[

The total coefficients of nf72071f (/) have been
checked by calculating directly the matrix elements of
1/rf for a sufficiently large triangular array of n and [
values, and fitting the results of the functional form of
Eq. (2). The results agree to within the accuracy of the
numerical fitting (at least seven significant figures for P
up to 13).

The corresponding equation for (r¥) can be read off
directly from the above {(1/r°*3) result, provided that
the Gp ,;(n,1) factor is replaced by n? ~!/(2Z)". For ex-
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ample, (1/r°) gives
(r})=6(N/4Z*){in*—n[f (D—1]} . (15)

3

In summary, we have considerably extended the range
of powers for which the diagonal matrix elements of »?
and 1/r® are known as an explicit function of » and /,
and have given a recursion relation by which the range
can easily be extended further. The asymptotic expres-
sion (11) completely determines the coefficients of the
leading 1/n> and 1/n° terms in a 1/n expansion of the
integrals. It is hoped that the results presented here will

provide a useful tabulation in the study of Rydberg
atoms.
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