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1 Atoms

This chapter covers several topics from physics of atoms to the
foundation of the quantum physics and to basic elements of soft mat-
ter physics. As usual for this course, the material covered will be
conceptualized in light of the historical developments. We will see
how irrespective of an absolute dominance of the electromagnetic
theory, favouring the continuum, a critical mass of the experimental
observations has emerged and gave rise to atomistic picture of mat-
ter. In parallel, they also have largely contributed to the foundation of
quantum mechanics.

1.1 Introduction

Around 1900 the Maxwell’s electromagnetic theory, which was in
the focus of the last semester, was so successful, that many scientists
believed all physical behavior were ultimately electromagnetic. As an
interesting historical example, irrespective of an enormous contribu-
tion of Boltzmann to statistical physics to that date, he was not even
invited to the physics section st a physics conference in St. Louis in
1904. It seemed like most physicists rejected atoms and atomistic
structure. In the several lectures, we will cover several important ex-
periments critically contributed to the foundation of atomistic theory
and quantum mechanics.

But before doing this, in the very first introductory lecture we
shortly recapitulate a spectrum of the phenomena, discussed in the
preceding semesters, evidencing the existence of individual units
composing matter around us. This refer both to elementary particles
and elementary charges. Please go through all of them and rational-
ize how the phenomena considered point towards the atomistic (or
corpuscular) organization of matter.

Interestingly, among the phenomena listed in the slides, the ran-
dom walk problem of diffusion has a very special place. Ultimately,
the solution of this problem provided by Einstein in 1905, is consid-



6 experimental physics scripts

ered as the very first, indirect visualization of molecular trajectories,
hence the existence of molecules. Because we did not consider this
problem in details in the Thermodynamics course and because we
will need it at the end of this semester (Introduction to Soft Matter
physics, freely joined polymer chain), we cover it here.

1.1.1 Fick’s laws of diffusion

Figure 1.1: Concentration gradient

Let us first consider a classical treatment of diffusion, the process of-
ten related to equilibration of a concentration gradient. For the sake
of simplicity we confine ourselves to one-dimensional case, for higher
dimension the results are similar. Fig. ?? shows schematically two
regions with the higher and lower concentrations of particles. You
may think of as on the left side you have a higher concentration of
ink (pigment particle or dye molecules) in water. Assume now that,
because of thermal energy, the particles move chaotically. Chaoti-
cally means that there is no preference for moving to the right over
moving to the left. Hence, just because the concentration difference,
the will be a net diffusion flux J of the particles to the right. The
first Fick’s law postulates that this flux is directly proportional to the
concentration gradient: By concentration c the number of

particles per unit volume is referred to.
By flux J we refer to the number of
particles crossing unit area per unit
time.

J = −D
∂c
∂x

(1.1)

In Eq. ?? D, the coefficient of proportionality, is the diffusion co-
efficient or simply diffusivity. The first Fick’s law postulate thus that
the flux is a linear response to the concentration gradient. The minus
sign indicates that the flux is towards the regions with lower concen-
trations.

Eq. ?? can be combined with the law of the matter conserva-
tion to yield an equation describing the concentration evolution in
time. Let us consider a slice of length ∆x and of unit height (in one-
dimensional case this equivalent to an interval ∆x). The total number
of particle n in this slice is c∆x. Because of the concentration gradi-
ent, number of particles entering the slice from left and from right
are different. Hence, during a time interval dt, the total amount of
particles in the slice changes by dn = dc∆x = (J(x)− J(x + ∆x)) dt.
Hence, the matter conservation law can be expressed as

∂c
∂t

= − ∂J
∂x

(1.2)

By substituting Eq. ?? into Eq. ?? one obtains the Fick’s second law
of diffusion or diffusion equation:

∂c
∂t

= D
∂2c
∂x2 (1.3)
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Note that for deriving Eq. ?? we have assumed that D is constant
and is not a function of position x and, hence, concentration. This
differential equation describes how initially created concentration
profile c(x, t = 0) will evolve in time. As the most important exam-
ple, for (x, t = 0) = δ(x) the solution of the diffusion equation for
any spatial dimension ds is

c(x, t) = (4πDt)−ds/2 exp
{
− r2(t)

4Dt

}
(1.4)

This equation, in particular, describes a spread (concentration pro-
file) of an initially small spot of ink in water. An important quantity
characterizing this Gaussian function is the distribution width

⟨r2(t)⟩ = 2dsDt (1.5)

On considering the way how Eq. ?? was derived, one may get an
impression that, for having the process of diffusion, one always needs
a macroscopic gradient in concentration or concentration inhomo-
geneities. This is not explicitly true. Diffusion, or more precisely,
self-diffusion occurs also under equilibrium conditions. The gov-
erning equation in this case is the same, Eq. ??, but instead of c(x, t)
another quantity, namely probability density ρ(x, t) to find a particle
at x at time instant t which at t = 0 was found at x = 0, is used.

Let us consider a process in which particles may perform steps
of a length l every time unit in any direction and the step lengths
distribution function is ξ(l) (probability that in a random move
the step length is l). Because we are dealing with the probabilities,∫ ∞
−∞ ξ(x)dx = 1. Let us require the process being unbiased, i.e.∫ ∞
−∞ xξ(x)dx = 0. In addition, we ask the integral

∫ ∞
−∞ x2ξ(x)dx = a2

being finite. There are physical processes, such that ξ(x) have long
algebraic tail so that the latter integral diverges. They are out of the
scopes of this chapter. Let us find an equation describing evolution
of the probability density function ρ(x, t) to find the particle at the
position x at the time instant t.

Figure 1.2: Particle displacement

For the derivation, let us evaluate ρ(x, t + ∆t), given that ρ(x′, t) is
known. By referring to Figure ??, it can be represented as an integral

ρ(x, t + ∆t) =
∫ ∞

−∞
ρ(x′, t)ξ(x − x′)dx (1.6)

This equation tells that you may find the particle at x whenever an
appropriate movement brings it to x from any initial position x′. The
"appropriate movement" is given by the probability ξ(x − x′) to have
the exactly needed step length x − x′. The integral may be further
evaluated by introducing a new variable, displacement z, which is
z = x − x′. With z, Eq. ?? becomes an integral over displacements
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ρ(x, t + ∆t) =
∫ ∞

−∞
ρ(x − z, t)ξ(z)dz (1.7)

The function ρ(x − z, t) can be expanded in a series around x and
only first non-vanishing terms considered:

ρ(x, t + ∆t) =
∫ ∞

−∞

(
ρ(x, t)− ∂ρ(x, t)

∂x
z +

1
2

∂2ρ(x, t)
∂x2 z2

)
ξ(z)dz (1.8)

Strictly, the integration in Eq. ?? needs
to be performed from ∞ to −∞. Be-
cause we deal with the unbiased pro-
cesses, so that all even moments are
non-zero and odd moments are zero,
the integration can equally be shown in
a more convenient form.

The first term on the right hand side of Eq. ?? is ρ(x, t), the second

term is zero and the third term is a2

2
∂2ρ(x,t)

∂x2 . Eq. ?? can be rearranged
and written as

ρ(x, t + ∆t)− ρ(x, t)
∆t

=
a2

2∆t
∂2ρ(x, t)

∂x2 (1.9)

Finally, by introducing the coefficient of self-diffusion D = a2/2∆t
one obtains the equation

∂ρ(x, t)
∂t

= D
∂2ρ(x, t)

∂x2 (1.10)

which is found to coincide with the diffusion equation, Eq. ??.

• E X P E R I M E N T:
One may drop a small amount of ink onto water surface. The
evolution of the color profile is governed by the diffusion equation.

evaluation:
Try to see that the ink front propagates following a t1/2-law.

1.1.2 Trajectory analysis

Just by looking at the macroscopic diffusion equation one hardly may
conclude about the existence of atoms or molecules. The missing con-
nection was provided by Einstein, who has shown that a statistical
analysis of the random trajectories of molecules, if they really were
present, would lead to the same equations discussed in the preceding
section.

Let us consider the problem of random walks along a line as an
instructive model. Each unit of time we will move randomly to the
left or to the right. The step length is fixed to l and the initial position
to zero. Note, choosing the initial position at x = 0 means that any
subsequent position x at any time t is as well the displacement. The Very interesting and reach physics

emerges if the step length and/or jump
times are distributed.

movement direction can easily be determined by coin flips, delivering
a random variable s = 1 or s = −1 depending on the face the coin
ends with on a table. Let us first consider a single trajectory, which is
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a position x of the particle after N steps. Obviously, x(N) = l ∑N
n=1 sn

and is a quantity fluctuation about zero. If we perform ensemble
average, i.e. repeat the experiment many times and evaluate ⟨x(N)⟩
we end with a trivial, almost non-informative zero value. The only
useful information surviving is that the process is unbiased, i.e. the
probabilities stepping to the left and to the right are identical and
equal to 1/2.

• E X P E R I M E N T:
An example of a random, Brownian trajectory one may see on the
video showing chaotic motion of a milk droplet.

evaluation:

• E X A M P L E 1 . 1 . 1 :
Evaluate ⟨x(N)⟩.

solution:
⟨x(N)⟩ = l⟨∑N

n=1 sn⟩. One may now split the sum onto two terms,
where the first sum will run only over events corresponding with
s = 1 and the second one with s = −1. Then it is easy to see that the
two terms are equal to the total number of trials N+ delivered s = 1
and N− delivered s = 1. Thus, ⟨x(N)⟩ = l (⟨N+⟩ − ⟨N−⟩). For an
unbiased process ⟨N+⟩ = ⟨N−⟩, hence ⟨x(N)⟩ = 0.

Figure 1.3: Random number generator

Hence, one needs to evaluate another quantity which is not aver-
aged out to zero. One of the possible candidates is the module ⟨|x|⟩,
which, however, is too tedious to evaluate mathematically. Another
option is the mean square displacement (MSD) ⟨x2(N)⟩ = l2⟨s2(N)⟩.
The solution of this problem can easily be obtained by deriving a re-
currence series. Let us start first evaluating MSD after one step, e.g.
for N = 1. Let us do K experiments in total to evaluate the ensemble
average. Out of K experiments, there will be K+ results with s = 1
and K− results with s = −1. The average is evaluated as

⟨s2(N = 1)⟩ = K+(+1)2 + K−(−1)2

K
(1.11)

The ratios p+ = K+/K and p− = K−/K for large K may be
considered as the respective probabilities that in a single trial one
finds s = 1 or s = −1. In our case p+ = p− = 1/2, therefore

⟨s2(N = 1)⟩ = p+ + p− = 1 (1.12)

To obtain ⟨x2(N = 2)⟩ one needs to consider two consecutive
trials, thus
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⟨s2(N = 2)⟩ = p+p+(+2)2 + p+p−(0)2 + p−p+(0)2 + p−p−(−2)2 = 2
(1.13)

Similarly

⟨s2(N = 3)⟩ = 2
(
(p+)3(+3)2 + 2(p+)2 p−(+1)2 + p+(p−)2(−1)2

)
= 3

(1.14)
It is thus evident that ⟨s2(N)⟩ = N.
Finally, N can be replaced by t/τ, where τ is a time interval to

perform one single movement, so that

⟨x2(t)⟩ = l2

τ
t ≡ 2Dt (1.15)

where we have defined the coefficient D = l2/(2τ). Note that this
quantity coincides with Eq. ??! Thus, statistical analysis of random
trajectories leads to the same physical picture described by the Fick’s
diffusion law.
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1.2 Light quanta

In 1850 Foucault "drived the last nail in the coffin" of Newton’s cor-
puscle theory of light. As we have discussed in the Optics course, by
using a modified optical interferometer Foucault has proven that the
speed of light in water was lower than in air. Recall that according
to Newton, by considering light as a collection of particles agree-
ment with the Snell’s law was only possible if the speed of light in
medium was larger than that in vacuum. Further substantiated by
the Maxwell’s theory for electromagnetic waves, wave character of
light was generally accepted.

There were, however, a number of experimental observations that
could not be explained within the wave theory of light. The most
important phenomenon in this series was the black-body radiation,
which will be considered in details in one of the subsequent sec-
tions. All attempts to predict black-body radiation using the wave
theory resulted in the so-called ultraviolet catastrophe following Paul
Ehrenfest. It could only be overcome when Planck in 1900 proposed According to classical physics, the

amount of radiation emitted by a hot
body increases continuously with
increasing frequency to infinity, leading
to "ultraviolet catastrophe".

empirically that energy can be emitted or absorbed only by small
portions, quanta (singular quantum, Latin for how much).

1.2.1 Planck’s hypothesis

According to Planck, the energy E emitted or absorbed by a har-
monic oscillator oscillating with ω (you will see later the relation
between harmonic oscillator and the black-body radiation problem he
was concerned with) is given by

E = h̄ω (1.16)

where h̄ = 1.05 × 10−34 m2 kg/s is the Planck constant. Notably,
the quantization of energy according to Planck occurred only dur-
ing the emission and absorbtion only, while the light propagation
in space was dictated by the normal EM wave equations. In 1905,
Einstein made another radical step by proposing that also during
propagation light behaves as a collection of particle with the energies
determined by Eq. ??. These quasi-particles are generally referred
to as light quanta or photons. Note that they has properties of both
EMW and particles, i.e. exhibit particle-wave duality.

Because photons have energy, they also have a momentum deter-
mined by the energy-momentum relation:

E2 − p2c2 = m2
0c4 (1.17)
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where m0 is the rest mass. The photons are massless particles
(otherwise, because they move with the speed of light c, their mass
would be infinitely large), hence Eq. ?? reduces to

E = pc (1.18)

Combined with Eq. ??, one obtains p = h̄k.
Upon interaction with matter, photons can be absorbed, emitted,

or scattered. There are no photon number conservation laws, but
still, energy and momentum must be conserved. The latter means, in
particular, that the free standing electrons can neither emit photon,
nor absorb it. They can only scatter photons.

• E X A M P L E 1 . 2 . 1 :
Prove that free standing electron cannot emit photons.

solution:
Consider an inertial coordinate system in which the electron is at
rest. Let us assume it emits a photon with the momentum pph and
energy Eph. The momentum and energy conservation laws require,
respectively, pe + pph = 0 and Ee + Eph = m0c2, where m0 is the
electron rest mass. The former equation can be rewritten as
(pec)2 = (pphc)2. The latter one as E2

e = E2
ph − 2Ephm0c2 + (m0c2)2.

By subtracting one from another and by applying, respectively,
Eqs. ?? and ?? to the left and to the right sides, one finds
2Ephm0c

2
= 0. Hence, Eph = 0 that proves that emission is impossible.

1.2.2 Photoelectric effects

The observation of the photoelectric effect, first by Hertz around
1887, has largely contributed to the validation of the light quanta hy-
pothesis. While experimenting with his transmitter, which eventually
produced the sparks between two electrodes, Hertz noticed that illu-
minating the electrodes with UV-light enhances the spark formation.

Figure 1.4: Spark gap transmitter by
Hertz

The origin of the photoelectric effect is relatively simple - when
light (EM field) irradiates a metal surface, the free electrons there
may acquire kinetic energy and leave the metal. If this metal object is
a cathode in a photocell, these electrons will be accelerated towards
the anode and thus create an electric current, called the photoelectric
current. Let us consider a typical voltage-current diagram for a pho-
tocell as schematically shown in Figure ?? by the blue line. Several
observations can be made: (i) There is a finite electric current even if
the acceleration potential is negative. (ii) There is a saturation current
at high voltages.
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In order to remove an electron from the metal surface, the mini-
mum thermodynamic work, called work function, need to be done.
Thus, the electrons need enough kinetic energy to overcome "attrac-
tive potential" in the vicinity of the metal surface. This potential you
may rationalize by, e.g., considering the following. Because of ran-
dom thermal motion the electrons may transiently cross the metal
surface to the distances close to atomic ones. In this way, an equilib-
rium negatively charged layer just above the surface and depleted,
positively charged layer just below it is formed. Thus, the electrons
should have high enough kinetic energy to overcome the decelerating
potential of this double layer. The work function A, which is typically
measured in eV, is different for different metals and also depends on
the surface properties.

By illuminating light on the metal surface, one applies an oscillat-
ing electromagnetic field. In this way, the free electrons may start to
oscillate. Their kinetic energy increases and, if it exceeds the work
function, the electrons may leave the surface. If they are not scattered
and their velocity vector is appropriate, the electron may hit the an-
ode and thus create an electric current. If they have enough kinetic
energy, they may reach the anode irrespective a small negative po-
tential between the electrodes. The photoelectric current is zero when
the negative potential applied is equal to the stopping voltage, which
corresponds with the maximal energy E f s of the electrons succeeded
to leave the surface. Increasing the potential between the electrodes
helps more effectively drive the electrons towards the anode. At a
certain potential, a saturation current is attained. That means that all
electrons due to photo-effect are collected at the anode.

So far the classical theory is able to explain the experimental find-
ings. However, there are several inconsistencies. The lower is the
light intensity, the lower should be increase of the kinetic energies of
the free electrons. The experiment done with lower intensity of the
light beam, but keeping the EMW frequency unchanged, is shown
by the green light in Figure ??. While the saturation current is con-
sistent with this expectation, the stopping voltage is not. The latter
remains the same, i.e. E f s does not depend on the light intensity. Sec-
ondly, with the same light intensity, but with lower EMW frequency
(purple line in Figure ??) both the saturation current and E f s change
and become smaller. This is a hint towards the fact that the energy is
somehow related to the frequency and not to the intensity.

Another point where the classical EM theory fails is related to a
non-inertial character of the photoelectric effect. Indeed, it is experi-
mentally proven that the photoelectric current is established almost
immediately with the light irradiation. In classical theory, there will
be a delay time before the energy is supplied to the electron bath, i.e.



14 experimental physics scripts

Figure 1.5: Current-voltage diagram for
a photocell.

their energy cannot be raised instantaneously.

• E X A M P L E 1 . 2 . 2 :
Estimate the photoelectric current response time within the EM
theory for a zinc (M = 65 g/mol; ρ = 7 g/cm3) surface illuminated
by a 100 W electric lamp placed at the distance L = 1 m apart from
the surface. the work function for zinc is A = 4.3 eV.

solution:
The maximal energy which can be absorbed by an electron during a
time interval t is Emax = Pt

4πL2 σ, where P is the power and σ is the
effective cross-sectional area of the zinc atoms. Obviously, the energy
obtained by the electrons will be less than this value, but in this way
the lower bond for the response time can be estimated. Let a be the
interatomic distance, then NAa3 ≈ M/ρ. Hence, σ ≈ a2 ≈ 6 × 10−20

m2. By assuming that the electrons need to acquire energy Emax = A
to effect in the photoelectric current, the time required is found as
t ≈ 4πL2 A/(Pσ) and is of the order of one second. The experiments
deliver, however, the delays which are many orders of magnitude
lower.
The photoelectric effect has been explained by Einstein using the

concept of photons. Interaction of a photon "colliding" with a free
electron is an instantaneous process during which the energy of the
photon can be transferred to the electron. This explains the non-
inertial character of the photoelectric effect. The maximal energy
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of a photoelectron, i.e. the electron taken away from the surface by
the EMW, may be found using a simple equation first suggested by
Einstein Thermal energies of the electrons are

typically notably lower that the photon
energies.1

2
mv2

max = h̄ω − A (1.19)

• E X E R C I S E 1.2. 1:
Compare energy of a photon with λ = 600 nm and thermal energy
of the hydrogen atom at room temperatures.

• E X A M P L E 1 . 2 . 3 :
We have discussed earlier that a free standing electron can only
scatter photons, but not absorb or emit them. Why can they inter-
act with the free electrons in metals?

solution:
These are not free standing electrons, they interact with each other
and with the atoms. Thus, the momentum delivered is shared among
all entities and not assumed by single electron.

Eq. ?? explains also another experimental observations contradict-
ing with the classical theory:

• The energy obtained by the electrons depends on the radiation
frequency, not the intensity. The latter affects only the number of
photoelectrons.

• There is a lower threshold value for the light frequency below
which no photoeffect can be observed.

• E X A M P L E 1 . 2 . 4 :
An electrode made of zinc is irradiated with a UV light source
with λ = 200 nm. Estimate the maximal speed of the emitted
photoelectrons.

solution:
vmax = (2(hc/λ − A)/m)1/2 ≈ 840 km/s.

• E X A M P L E 1 . 2 . 5 :
A spherical ball made of zinc is irradiated with a UV light source
with λ = 200 nm. Estimate the maximal potential it can be
charged to.
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solution:
Due to the emission of the electrons an electric potential will build up
till it prevents the electrons with the maximal energy leaving the ball.
Thus, V = (hc/λ − A)/e ≈ 1.9 V.

1.2.3 Compton effect

Figure 1.6: Photon scattering from
carbon (from the Compton’s Nobel
Lecture )

In 1922 Arthur Compton has discovered another phenomenon prov-
ing the photons hypothesis. That time the Einstein’s hypothesis about
the light quanta was still debated and the Compton effect has pro-
vided a clear evidence for the particle-like behavior of EMWs. In
particular, Compton studied scattering of a narrow beam of the X-ray
radiation (EMW with the wavelength about 10−10 m) from matter
composed of relatively light atoms, such as carbon. In this materials,
the electrons are weakly bound and hence may be considered, in the
first approximation, as free electrons. The X-ray beam scattered from
the material under study (carbon in the case of the original work by
Compton) was reflected under a well-controlled angle from a calcite
crystal. Because the X-ray wavelength are comparable to the inter-
atomic distances, the phenomenon of Bragg-diffraction can be used
to measure the wavelength of the incident radiation. Indeed, upon
reflection from two adjacent atomic layers a phase difference between
two rays will emerge. The Bragg’s law defines the condition for pos-
itive interference: 2d sin θ = mλ, where d is the interatomic distance,
m integer number, and θ the scattering angle. Thus, there is a direct
proportionality between the scattering angle and the wavelength.

The sources of X-rays are not perfectly monochromatic. A distri-
bution of the wavelengths in the original beam used by Compton is
shown in the upper panel of Figure ??. As shown in the lower panel
of the figure, the same beam scattered from carbon at 135

◦, yields
two peaks, i.e. the spectrum contains also the longer wavelengths
(lower energy) which are not present in the original beam. If one

Don’t mix up the scattering angles from
carbon and calcite.

applies classical EM theory, the electrons in carbon interacting with
the incident EMW should emit radiation at the same frequency or
wavelength, consistent with the left peak in the figure. But what is
the origin of right peak, not captured by the classical theory?

In 1923, Compton published a paper where he explained the X-ray
shift by attributing a momentum to light quanta. Let us consider the
conservation of momentum energy for the photon-electron pair:

Eph + E0 = E′
ph + E′

e (1.20)

pph = p′
ph + p′

e (1.21)

where the prime quantities refer to the ones after scattering, E0 =

https://www.nobelprize.org/uploads/2018/06/compton-lecture.pdf
https://www.nobelprize.org/uploads/2018/06/compton-lecture.pdf
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mec2 is the electron rest energy, and the initial momentum of the
electron is taken to be zero. Eq. ?? can be recombined to

E′2
e − (p′

ec)2 = (Eph + E0 − E′
ph)

2 − (pph − p′
ph)

2c2 (1.22)

With the energy-momentum relation, the following equalities hold:

E′2
e − (p′

ec)2 = E2
0 (1.23)

E2
ph = (pphc)2 (1.24)

E′2
ph = (p′

phc)2 (1.25)

Figure 1.7: Photon scattering on an
electron

By substituting Eq. ?? into Eq. ?? one finds

EphE′
ph − EphE0 + E′

phE0 − pphp′
phc2 = 0 (1.26)

Because θ as pphp′
ph = pph p′ph cos θ, Eq. ?? can be transformed to If the electron initially was at rest,

upon scattering a photon it obtains a
momentum. The angle φ in Figure ??
can be obtained by considering the
momentum conversation.

1 − cos θ = mec

(
1

p′ph
− 1

pph

)
(1.27)

So far, no quantum character of light was used. This has been
done by Compton (without referring to the Einstein’s earlier work)
by assuming that the light quanta have the momentum pph = h/λ.
The final result for the Compton shift is, thus,

λ′ − λ =
h

mec
(1 − cos θ) ≡ λC (1 − cos θ) (1.28)

where λC = 2.43 × 10−12 m is the Compton length for electrons.
The physical meaning of λC is the change of the wavelength of a
photon scattered at 90

◦ off a free-standing electron. Note that the
Compton shift is irrespective of the material composition and of
the wavelength of the incident light. Similar to the photoeffect, the
Compton scattering is non-inertial as well.

• E X A M P L E 1 . 2 . 6 :
Upon scattering from a resting electron, the wavelength of a pho-
ton with the energy Eph increases by a factor α. Find the kinetic
energy Ek of the electron.

solution:
Ek = E′

e − E0 using the notion of Eq. ??. E′
ph = Eph/α, hence

Ek = Eph(α − 1)/α

https://journals.aps.org/pr/abstract/10.1103/PhysRev.21.483
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1.3 Black-body radiation

The problem of equilibrium radiation has greatly contributed to
the development of the quantum theory. All attempts to explain this
phenomenon in the frames of the classical thermodynamic theory
have failed. Before considering the Planck hypothesis about the en-
ergy quantization, let us first address the classical formulations to the
problem of equilibrium or black-body radiation.

1.3.1 Equilibrium radiation

To establish what the equilibrium radiation is, consider a closed, non-
moving cavity with the walls kept at a fixed temperature. All atoms
and electrons composing the cavity walls radiate continuously EMWs
in all different directions, with different frequencies, polarizations,
and intensities. The EMWs radiated travel in the cavity and hit the
wall, get partially reflected and partially absorbed. The system is in
thermodynamic equilibrium if the energies absorbed and radiated by
the cavity walls for any frequencies, directions, polarizations, and in-
tensities are equal in each time interval considered. The macroscopic
equilibrium is the consequence of the so called microscopic detailed
balance principle, when for any microscopic process in one direction
there is another process in the opposite direction balancing the first
one. When equilibrium is established, the energy density in the cav-
ity becomes homogeneous, i.e. position independent. Clearly, the
equilibrium radiation is determined only by the wall temperature,
but not by their shapes or composition. To rationalize this, one may
consider two cavities of different shapes and materials they are made
of and connected by a small hole. If the cavity walls kept at identical
temperature and the energy densities in the cavities will be different,
there will be permanent energy flow from one cavity to another. The
latter is, however, inconsistent with the laws of thermodynamics.

Figure 1.8: Cavity with equilibrium
radiation field

In electrodynamics we have considered only the total radiation
energy density utotal (in what follows simply u) containing electric
and magnetic field contributions. Let us now take account of the fact
that the radiation field has components with different frequencies or
wavelength: u is a function of T only, u(ω) is a

function of ω and T

u =
∫ ∞

0
u(ω)dω =

∫ ∞

0
u(λ)dλ (1.29)

Our main objective in this section is to obtain u(ω, T) for equilib-
rium radiation.

The radiation intensity I is the incident power per unit area [Watt
per square meter] and is equal to the magnitude of the Poynting
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vector S⃗. For unidirectional EMW it is related to u as I = uc.

• E X A M P L E 1 . 3 . 1 :
Prove that I = uc.

solution:
If S⃗ is perpendicular to an area A, the total energy crossing A during
time t is uctA. Per unit time (power) and per unit area the flux is,
thus, uc.

In analogue to the energy density, the total intensity I is dis-
tributed over different frequencies:

I =
∫ ∞

0
I(ω)dω (1.30)

where I(ω) ≡ Iω may be referred to as spectral flux density [Watt
per m2 per rad/s]. Thus, one may as well introduce a spectral radiant
density S(ω) ≡ Sω as

Iω =
∫

sur f ace
S(ω)dΩ (1.31)

In the cavity, however, the radiation field is isotropic, hence Sω is
not a function of either polar or azimuthal angles.

In equilibrium, amounts of the radiation energies dW absorbed by
the cavity walls and emitted by the walls per time interval and in the
angular frequency range between ω and ω + dω must be equal, i.e.

dWabsorbed(ω)

dt
=

dWemitted(ω)

dt
(1.32)

Let us consider a surface area dA on the cavity wall. Power emit-
ted by this area element in the angular frequency interval dω and
in the solid angle dΩ is EωdAdωdΩ, where Eω is the spectral emit-
tance. Similarly, power absorbed can be written as AωSωdAdωdΩ,
where Aω is the spectral absorbance (a coefficient between 0 and 1).
By using Eq. ??, one finds the Kirchhoff’s law of thermal radiation [G.
Kirchhoff, Ann. Phys., 185 (1860) 275], A good example of black-body radi-

ation presents a cavity with a small
hole in it (radiation entering the cavity
may hardly leave it, therefore the hole
appears darker as the material). The
Sun is also a good example.

Figure 1.9: Solar radiation spectrum.

Eω

Aω
= Sω (1.33)

It states that irrespective of a material considered, in equilibrium
the ratio of the spectral emittance to the spectral absorbance is a
universal function Sω of frequency and temperature. Per definition,
black body is a body absorbing all incident radiation, i.e. for black
body the absorbance Aω = 1. Consequently, for black body Sω = Eω,
and it turns out that equilibrium radiation is the black-body radia-
tion. It is worth emphasizing once again that the black-body radia-
tion is a universal function, hence the ratio on the left hand side of

https://onlinelibrary.wiley.com/doi/epdf/10.1002/andp.18601850205
https://onlinelibrary.wiley.com/doi/epdf/10.1002/andp.18601850205
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Eq. ?? is the same for materials. Another two important conclusions
may be drawn:

• According to Eq. ??, if a body absorbs preferentially at a certain
frequency, then it also emits most efficiently at this frequency.

• Black body has the highest emittance as compared to any other
object at the same temperature.

Figure 1.10: A black object with a hole
in it at room temperature (upper panel)
and in an oven (lower panel). ©Märcker

• E X P E R I M E N T:
For proving that black bodies are efficient emitters, one may heat
up an object having a black hole. The result is shown in Figure ??.
The hole, which appears darker at room temperatures, appears be
substantially brighter if heated in the oven! The former result can
be easily understood, a hole is an analogue of a cavity. But should
not the same happens at higher temperatures as well?

evaluation:
To understand the result obtained, in addition to the Kirchhoff’s law
one needs also refer to the Stefan-Boltzmann law expressing that the
radiation energy density increases with fourth power of temperature.
At room temperatures, the material with the hole emits marginally,
hence all what we see is the light reflected from the material. Hence,
the hole appears to be darker. At higher temperatures, the intensity
of the radiation emitted exceed that of the reflected light. Hence, we
"see" the radiation. The hole, which is a model of black body, should
emit stronger. This is exactly what the experiment demonstrates.

1.3.2 Adiabatic invariants

Our main objective is to derive the spectral energy density function
and to obtain how it depends on temperature. Before going into
details, it is justified to ask a question - what are the general predic-
tions which can be made in the frame of classical thermodynamics
regarding the total energy density u? In fact, it is indeed possible to
establish a number of thermodynamic invariants. For example, in
the experiment just considered we have used the Stefan-Boltzmann
law, which is nothing else than one of such invariants. Let us briefly
address them.

In the electrodynamics course we have discussed that light, or any
EMW, may exert pressure. In particular, for a light beam with the
Poynting vector S⃗ falling normally onto a wall, the pressure P was
found to be P = S/c = u. For isotropic radiation field in a cavity,
P = u/3. Let us consider an elastic cavity with equilibrium radiation
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field and let the radiation field to expand the cavity adiabatically. The
expansion work done by the radiation field, PdV is due to a decrease
of the field energy dU = d(uV). Hence, the energy conservation
requires

4
3

udV + Vdu = 0 (1.34)

Thus, the quantity

uV4/3 = const (1.35)

during adiabatic expansion remains constant, i.e. it is an adiabatic
invariant.

• E X E R C I S E 1.3. 1:
Show that for isotropic radiation field pressure is p = u/3.

We need, however, to relate u to T. For obtaining it, recall a ther-
modynamic identity (

∂U
∂V

)
T
= T

(
∂P
∂T

)
V
− P (1.36)

By substituting U = uV and P = u/3 into Eq. ?? and by integrat-
ing it, another adiabatic invariant

uT−4 = const (1.37)

can be found. This is known as the Stefan-Boltzmann law.

• E X A M P L E 1 . 3 . 2 :
Derive Eq. ??

solution:
Generally, the internal energy is dU = TdS − PdV. Thus
(∂VU)T = T(∂VS)T − P. The final result is obtained using the
Maxwell relation (∂VS)T = (∂T P)V .

• E X E R C I S E 1.3. 2:
Obtain Eq. ??.

In the same spirit, other adiabatic invariants may be found. Among
them, the Wien’s displacement law is instructive to consider, while it
allows for a experimental check and explains some feature in the
emission spectra of stars. For example, it is observed that the max-
imum in the radiation spectra for stars displace to shorter wave-
lengths with increasing temperature as exemplified in Figure ??.
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During an adiabatic expansion, for radiation emitted at one fre-
quency and absorbed by the cavity wall moving with a speed v, the
Doppler frequency shift needs to be taken into account. Indeed, the
shift of the frequency may lead to the spectral energy redistribution,
so that the system will approach another equilibrium.

Figure 1.11: Black-body radiation
spectra at different temperatures (taken
from).

If the cavity expands with a constant velocity v, the frequency ω of
an EMW approaching the wall will appear shifted by

dω = −ω
dr
r

(1.38)

where r is the cavity radius and dr is the linear expansion during
time taken for the EMW emitted to approach the wall. This differen-
tial equation yields conservation of the quantity ωr or, respectively,

ωV1/3 = const (1.39)

where V is the cavity volume. Combined with Eqs. ?? and ??,
Eq. ?? results in the Wien’s displacement law

ω

T
= const (1.40)

Figure 1.12: Filament-lamp color change
with increasing voltage (from left to
right). ©Märcker

https://www.aavso.org/time-filter-exposures
https://www.aavso.org/time-filter-exposures
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• E X A M P L E 1 . 3 . 3 :
Derive Eq. ??. For the sake of simplicity consider one-dimensional
case.

solution:
Consider an EMW emitted towards a wall moving in the same
direction with the velocity v. The distance to the wall is L. Time t for
EMW to approach the wall is L/c. If the wall was not moving, the
number N of the wave periods filling the distance L is N = L/λ. This
corresponds with the frequency ν = 1/T = N/t = L/(λt). If the wall
is displaced by ∆L = vt, the number N′ of wavelength periods fitting
in is (L + ∆L)/λ. During the time interval t considered, the moving
wall will absorb N′ − N periods of the EMW less than non-moving
one. The frequency shift ∆ν = ν′ − ν is, thus,
∆ν = N−(N′−N)

t − N
t = −∆L

λt . Finally, ∆ν
ν = −∆L

L .

• E X E R C I S E 1.3. 3:
Explain the color change in Figure ??.

1.3.3 The Rayleigh-Jeans law

Even though the classical thermodynamics was powerful to explain
some phenomena, it was incapable of delivering the most important
function, which is the radiation spectrum u(ω, T). The problem was
solved first by John William Strutt (Baron Rayleigh) in 1900, and five
years later by James Jeans (with the correct pre-factors) by using the
concepts of statistical mechanics. In particular, they used the fact
that, in statistical equilibrium, there will be kT/2 energy per degree
of freedom and calculated their total number for radiation field in a
cavity. The solution obtained revealed, however, the failure of classi-
cal physics in predicting correct u(ω, T). Indeed, the integration of
u(ω, T) over the entire frequency range diverged towards infinity.
The problem is often referred to as the ultraviolet catastrophe after
Paul Ehrenfest. Overcoming the paradox required a completely new
paradigm, quantum physics. It is interesting to note that James him-
self considered the law he derived being rigorous and anticipated
that black-body radiation is not equilibrium radiation, hence is not
consistent with the law he obtained.

Figure 1.13: Electromagnetic waves in a
box.

For deriving the Rayleigh-Jeans law, let us consider, for a sake of
simplicity, a cubic box the wall of which are ideal mirrors. Recall,
equilibrium radiation is the property of the radiation field itself, it
is determined by T only and not by the cavity shape. Therefore, we
may consider cavity of any shape. The ideal mirror is convenient to
consider because in this case one has simple boundary conditions for

http://rspa.royalsocietypublishing.org/content/76/513/545.full.pdf
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the EM field in the cavity - the tangential component of the electric
field in the cavity is zero at the cavity walls. The question is only how
one makes sure that the EM field in the cavity with the ideal walls
will approach its equilibrium state? For example, the EM field is ini-
tially perpendicular to one of the faces. How it will become isotropic?
Or, the wall temperature is changed. How the EM field will "know"
that temperature has changed? Clearly, in the ideal system equilibra-
tion would not be possible. In real systems, there are always defects,
wall roughnesses, etc., which will equilibrate the system. In our
model, to still keep the walls ideal, we may introduce into cavity an
infinitesimally small dust particle for taking care of equilibration. On
the other hand, it is so small, that does not contribute to the energy
balance in the system.

When equilibrium is approached, there is no energy flow to and
out of the box. Hence, the EM field in the box can be represented by
a superposition of the normal mode oscillations or standing waves.
From the mechanics course, a standing wave in one dimensional case
is

Enx ≡ Enx(x, t) = sin(qxx)eiωt (1.41)

where qx = nxπ/L and nx is a positive integer value. Thus, the
boundary conditions at x = 0 and x = L, requiring, respectively,
Ex(x = 0) = 0 and Ex(x = L) = 0, are satisfied. What are the
standing waves in three dimensions? In this case, any closed path
around the box will form a standing wave. In order to have a closed
path in a box, it is sufficient that Eq. ?? is simultaneously satisfied for
all three components of the electric field vector. The solution we seek
is En = EnxEnyEnzeiωt with any combinations of nx, ny, and nz.

By substituting En into the wave equation

∇2E =
1
c2

∂2E
∂t2 (1.42)

it follows that for any standing wave the following identity

q2
x + q2

y + q2
z = (ω/c)2 (1.43)

is satisfied. That means that any standing wave formed by the Any point on a sphere with the radius
of q = ω/c satisfies Eq. ??.EMW with the frequency of ω has identical magnitude of the wave

vector q⃗. In other words, only certain combinations of nx, ny, and nz

are allowed, such that

n2 = n2
x + n2

y + n2
z =

(
ωL
πc

)2
(1.44)

To get an idea about how big n could be, the right hand side of
Eq. ?? can be modified to (2L/λ)2. Thus, for macroscopically big
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cavities with the sizes notably exceeding wavelength, n are big num-
bers. In our case, we are interested in the high energy part of the EM
spectrum, hence considering short wave lengths below micrometers
is well justified. If n is large, one may easily find the total number of
the standing waves excited in the box and having frequencies below
ω. Because n is large, N can be reasonably approximated as the vol-
ume of a sphere with the radius n. Recall now, that we should not
consider the negative values of nx, ny, and nz because they do not
give new solutions for the standing waves. Hence, the total number
N of the normal mode oscillations for frequencies below ω is found
as

N =
1
8

4π

3

(
ωL
πc

)3
(1.45)

Any standing wave described by a fixed set of nx, ny, and nz may
have any arbitrary polarization. Any linearly polarized wave can
be represented as a linear superposition of two independent waves
polarized in perpendicular planes. Thus, the total number of the
degrees of freedom, where each degree of freedom is a standing
wave, is 2N. According to statistical thermodynamics, per degree of
freedom corresponds kT/2 energy. Because EMWs have electric and
magnetic components, there will be an average energy Ē = kT per
oscillator mode. The total energy density in the cavity is now readily
obtained as

u =
Etot

V
=

2NĒ
L3 =

ω3

3π2c3 Ē (1.46)

Finally, the equilibrium radiation spectrum in the form of the
Rayleigh-Jeans law results as

uω =
du
dω

=
ω2

π2c3 kT (1.47)

or

uλ =
du
dλ

=
8π

λ4 kT (1.48)

• E X E R C I S E 1.3. 4:
Derive Eq. ??.

As we have discussed above, the Rayleigh-Jeans law shows diver-
gence towards infinity as the wavelength decreases. It predicts that
eventually the whole energy of the Universe should be contained in
its higher energy part. Besides this paradox, the Rayleigh-Jeans law is
in the low frequency limit well consistent with other thermodynamic
laws obtained earlier.
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As an example, let us consider a cavity filled with a medium with
a refractive index n. In this case, uω as well determined by Eq. ??, but
with the speed of light c replaced by the actual speed v = c/n in the
medium. Let us denote uω in a cavity with the vacuum as u0

ω, then

uω = u0
ωn3 (1.49)

This identity is known as the Kirchhoff-Clausius law, which was
known long before the Rayleigh-Jeans law was derived. It is instruc-
tive to rewrite Eq. ?? by noting that n = λ0/λ, where λ0 is the wave-
length in vacuum and λ in a medium with n:

uωλ3 = u0
ωλ3

0 (1.50)

In this form, the Kirchhoff-Clausius law states that the equilibrium
radiation energy contained in a box with the side length equal to the
wavelength is equal in any medium.

1.3.4 The Planck equation

The main problem with the classical Rayleigh-Jeans derivation was
that, with increasing ω, the number of the normal mode oscillations,
hence total energy corresponding with the EMWs with the given
ω, increases. With a simple Ansatz that energy can be emitted or
absorbed only in some portions, Planck was able to overcome this
problem. Let us, following Planck, assume that the energies associ-
ated with each standing wave can vary discreetly in portions of the
smallest possible energy quantum E0. Thus, the allowed energies
are 0, E0, 2E0, 3E0, .., nE0, .. (here n is an integer positive number not
identical with n in the preceding section). Recall that, in our idealized
cavity, the equilibrium radiation field results due to energy absorp-
tion/emission by the dust particle. Therefore, if the dust particle
emits energy in the form of the EMWs in a quantized manner, the
energies of these EMWs should as well be discreet.

The distribution of the energies in equilibrium is described by the
Boltzmann statistics, i.e. probabilities for having the energy nE0 is
equal to A exp(−nE0/kT), where A is some constant. The average
energy Ē per EMW can be found as

Ē =
∑∞

n=1 nE0 A exp(−nE0/kT)
∑∞

n=0 A exp(−nE0/kT)
(1.51)

The sum in the denominator can be evaluated by noting that this is
the sum of a geometric series:

∞

∑
n=0

xn =
1

1 − x
(1.52)
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where x ≡ exp(−E0/kT). The sum in the numerator is found by
differentiating both sides of Eq. ?? with respect to x:

∞

∑
n=1

nxn =
x

(1 − x)2 (1.53)

The average energy is, thus,

Ē = E0
x

1 − x
=

E0

exp(E0/kT)− 1
(1.54)

By substituting Ē into Eq. ?? the radiation spectrum is found as

uω =
ω2

π2c3
E0

exp(E0/kT)− 1
(1.55)

In the continuum limit, i.e. when E0 → 0, Eq. ?? to the classical
Rayleigh-Jeans result, Eq. ??. Indeed, in this case exp(E0/kT) ≈
1 + E0/kT Note, however, that the continuum limit is only satisfied
for E0 << kT. But what if this does not hold and the discretization of
the energy levels is considered?

To evaluate Eq. ??, or to find E0, Planck required that Eq. ?? must
satisfy the general Wien’s displacement law. By using general ther-
modynamic arguments, Wien has shown that The Wien’s displacement law Eq. ?? is a

consequence of Eq. ??.

uω(ω, T) = ω3 φ
(ω

T

)
(1.56)

i.e. the spectral radiation energy density is proportional to the
cube of ω and some universal function φ of the argument ω/T. On
considering the structure of Eq. ?? it turns out that the general Wien’s
displacement law is automatically satisfied if E0 is taken to be equal
to ω times some proportionality coefficient! The latter is known as
the Planck constant h̄ ≈ 1.05 × 10−34 Js and thus E0 = h̄ω. Finally, the
Planck equation for black-body radiation becomes

Figure 1.14: Planck radiation equation
plotted for T = 5000 K.

uω =
h̄ω3

π2c3
1

exp(h̄ω/kT)− 1
(1.57)

or

uλ =
8πhc

λ5
1

exp(hc/λkT)− 1
(1.58)

where h = 2πh̄.

• E X E R C I S E 1.3. 5:
Derive Eq. ??

Eq. ?? represented a paradigm change by introducing the small-
est energy quanta E0 = h̄ω and relating the energy to frequency.
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Thus, the electromagnetic radiation field may be considered as a col-
lection of quasi-particles, photons, with the energies h̄ω. In the low
frequency (continuum) limit, this equation expectedly transforms into
the classical Rayleigh-Jeans equation Eq. ??. On the other hand, the
high frequency limit yields

uω =
h̄ω3

π2c3 exp
(
− h̄ω

kT

)
(1.59)

This equation, which earlier was derived empirically by Wien,
is secured from the ultraviolet catastrophe by the exponential term
tending to zero with increasing energy. Obviously, the Planck equa-
tion is also consistent with all thermodynamic laws obtained before.

Let us, for example, show that the Planck equation is consistent
with the Stefan-Boltzmann radiation law Eq. ??. To obtain the rela-
tionship between u and T one needs to integrate Eq. ?? over entire
frequency range. By introducing a new variable x = h̄ω/kT, u is
found as

u =
(kT)4

π2h̄3c3

∫ ∞

0

x3dx
ex − 1

(1.60)

To evaluate the integral one can make use of the sum of geometric
series (1 − y)−1 = ∑∞

k=0 yk. In this way,

∫ ∞

0

x3dx
ex − 1

=
∞

∑
k=1

∫ ∞

0
x3e−kxdx (1.61)

Each integral term under the sum can be transformed into k−4
∫ ∞

0 x3e−xdx =

6k−4. Thus, the integral in Eq. ?? is evaluated to 6 ∑∞
k=1 k−4 = 6π4/90.

Finally,

u =
π2(kT)4

15h̄3c3
(1.62)

which is the Stefan-Boltzmann law.
Finally, it is instructive to inspect in details the structure of the

Planck equation, Eq. ??. Using Eq. ??, the total number Nω of EM
degrees of freedom contained in the interval of frequencies between
ω and ω + dω per unit volume is

Nω =
2N
L3 =

ω2

π2c3 (1.63)

With Nω, Eq. ?? becomes

uω = Nω
1

exp(h̄ω/kT)− 1
h̄ω (1.64)

In this form, it is seen that the spectral energy density is given
by the number Nω of all possible independent EM standing waves,
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which can be excited, times energy h̄ω per standing wave times a
function

nω =
1

exp(h̄ω/kT)− 1
(1.65)

Because uω ≤ Nω h̄ω, nω has meaning of the fraction of all possible
standing waves Nω excited at given temperature. The product Nωnω

is, thus, the (average) number of the excited waves per unit volume
in the interval of frequencies between ω and ω + dω. In other words,
Nωnω is the number of photons having energy h̄ω. The function
nω is known as the Bose-Einstein distribution function describing
statistics of the energy level occupation by bosons, integer-spin quasi-
particles, such as photons.
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1.4 Atomic models

In this section we shortly cover how the concept of atoms has
developed and resulted in the foundation of quantum physics.

1.4.1 Plum pudding model

After the discovery of electrons in 1897 [J.J. Thomson, Philosophical
Magazine and Journal of Science, 44 (1897) 293] Thomson has sug-
gested a plum pudding model for atom, in which electrons (plum)
were dispersed in a positively charged medium. The model supposed
to reflect two properties known so far: atoms needed to contain neg-
atively charged electrons, but must be electrically neutral as a whole.
The quest in proving the Thomson model in experiment led to . A
typical experiments was to bombard a material made of atoms with
high-energy α-particles and to measure scattering of the particle
beam. α-particle is a positively charged ion

of He atom. It has charge +2, i.e. both
electrons in He atom are missing and
α-particle is made of two 2 protons and
2 neutrons.

Figure 1.15: Electron scattering in plum
pudding model

If α-particle pass an atom at a distance b from the center of the
atom 1 and b > R, where R is the atomic radius, it will continue

1 The parameter b is referred to as the
collision parameter.

moving without any deviations (see Figure ??). Indeed, the atom is
neutral and there are no other interactions besides the electrostatic
interaction. If, however, b < R there will be electrostatic interaction
between the positively charged ball of the radius b and the α-particle.
Note, because the electrons are much smaller than atoms and their
mass is much lower than of the α-particles, we neglect any interaction
with the electrons. Thus, whenever the α-particle pass through an
atom, its flight direction will be deviated by a small angle θ(b) (will
be estimated later). Because of this scattering, a narrow parallel beam
of the α-particle passing, for example, a metal film, should form on
the capturing screen not a sharp point, but a scattered profile. The
intensity profile I(θ) can be easily established using the concept put
forward in Section ??.

After each scattering event, the position s of the beam in the plane
normal to it will perform a two-dimensional random walk with a
step length determined by the interatomic distance and the angle
θ(b). Being scattered by many atoms in the metal film, the final dis-
tribution of the positions is expected to follow Eq. ??,

I(s) ∝ exp
(
− s2

Ns̄2

)
(1.66)

where N is the number of the scattering events and s̄ is the av-
erage step length. Because of the smallness of the angles θ(b), the
same scattering profile given by Eq. ?? is expected if the argument s
is replaced by θ, i.e. for I(θ):

https://www.tandfonline.com/doi/abs/10.1080/14786449708621070
https://www.tandfonline.com/doi/abs/10.1080/14786449708621070
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I(θ) ∝ exp
(
− θ2

Nθ̄2

)
(1.67)

• E X E R C I S E 1.4. 1:
Explain how Eq. ?? is obtained from Eq. ??

Figure 1.16: Scattering of α-particle
in a helium chamber (from scien-
cephoto.com). α-particle hits the helium
atom and deviates at a large angle. The
helium atom obtains high momentum
and leaves a trace as well.

Between 1908 and 1913, Hans Geiger, Ernest Marsden and Ernest
Rutherford have performed a series of experiments in which they
proved that indeed the absolute majority of the scattered angles
lied below 3

◦ and their distribution followed the prediction, Eq. ??.
They noticed, however, a strange behavior - some particles deviated
to much larger angles up to 150

◦. Even though their fraction was
tiny, one observation for several thousand particles, it could not be
neglected. Later, such scattering events were visualised in a Wilson
cloud chamber as shown in Figure ??. This led Rutherford to reject
the model by Thomson and to anticipate that the atoms are made
of positively charged point-like nucleus surrounded by a cloud of
electrons.

1.4.2 The Rutherford scattering experiment

Let us derive I(θ) for the Rutherford’s atom model, in which we
consider electrostatic interaction between a point-like charge Ze,
where Z is atomic number, and α-particle with charge ze (z=2).

Figure 1.17: Scattering of α-particle
(blue ball) with initial velocity v⃗0 and
collision parameter b off a positively
charged nucleus (red ball).

We select the coordinate system with the nucleus in its origin.
The position of the α-particle is r⃗. The electrostatic repulsion force F⃗
between them is k = (4πε0)

−1

F⃗ =
kzZe2

r2 r̂ (1.68)

https://en.wikipedia.org/wiki/Hans_Geiger
https://en.wikipedia.org/wiki/Ernest_Marsden
https://en.wikipedia.org/wiki/Ernest_Rutherford
https://en.wikipedia.org/wiki/Ernest_Rutherford
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Because we deal with the central field, r⃗ × F⃗ = 0, torque is zero
and the angular momentum L must be conserved. At any r⃗, L = m⃗r×
v⃗ = m⃗r × d⃗r

dt . The only component dr⊥ of the vector d⃗r contributes to
the cross product. With this and with the notion of Figure ??, dr⊥
can be represented as dr⊥ = rdφ. Finally, the angular momentum
conversation law is expressed as

mr2 dφ

dt
= mbv0 (1.69)

The RHS of Eq. ?? is the initial angular momentum of the α-
particle in the reference coordinates system considered. Consider
now the Newton’s law in the component form. For the y-component

m
dvy

dt
= m

dvy

dφ

dφ

dt
= F sin(φ) (1.70)

Using Eqs. ?? and ??, a differential equation relating vy with φ is
found as

dvy =
kzZe2

mbv0
sin(φ)dφ (1.71)

and its integration yields

vy =
kzZe2

mbv0
(1 − cos(φ)) (1.72)

By noting that

• after the particle pass the scattering center vy = v∞ sin(φ),

• the energy conservation requires v0 = v∞,

• φ = π − θ

the scattering angle equation results as

tan
(

θ

2

)
=

kzZe2

mbv2
0

(1.73)

In order to analyze experimental data, the average number of
particles scattered to the solid angle dΩ = 2π sin(θ)dθ needs to be
evaluated. Let the incident beam intensity be I0, which is the number
of α-particles crossing unit area per unit time. To be scattered to the
angles between θ and θ + dθ, the particle should have the collision
parameter between b and b + db. Hence, the number of such particles
dNθ scattered by one atom will be dNθ = I0 × 2πb∆b. 2 The product 2 To get the total amount of scattered

particles, dNθ can be multiplied by nV,
where n is concentration of atoms in the
film and V is its volume.

bdb can be found by differentiating Eq. ?? and multiplying the result
by b:

bdb =
1
2

(
kzZe2

mv2
0

)2
cos(θ/2)
sin3(θ/2)

dθ (1.74)
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Finally, the Rutherford’s scattering equation for dNθ is obtained as

dNθ =
I0

4

(
kzZe2

mv2
0

)2
dΩ

sin4(θ/2)
(1.75)

Figure ?? demonstrates that the equation derived is in a good
agreement with the experimentally obtained data on scattering of
the 5 MeV alpha-particle by a gold foil. If the kinetic energy of the
bombarding particles increases, the experiments show deviations
from the predictions of Eq. ?? for large scattering angles. Note that
the large angles result if the collision parameter is relatively small,
i.e. impacts are close to central. In this case, the high-energy particles
may approach the nucleus to distances such, that the particle-nucleus
interaction will not be purely Coulombic and the nuclear forces start
to be effective.

• E X E R C I S E 1.4. 2:
Obtain the average scattering angle θ̄ in Eq. ?? for the Thomson
model of atom.

Figure 1.18: Scattering of α-particle with
kinetic energy of 5 MeV bombarding a
gold foil (from Demtröder).

1.4.3 Problems of the Rutherford’s model

Being a step forward as compared to the Thomson model, the one
suggested by Rutherford was also not free of shortcomings. Its main
problem was that any systems interacting via purely central forces
cannot be stable. In analogy with the systems interacting via gravi-
tational forces, the only way to stabilize the system is to compensate
the Coulomb attraction by a centrifugal force due to rotation of the
electrons. This planetary organization of atoms seems to provide
a means for they stability, but has another drawback. Indeed, any
charge orbiting a nucleus should emit electromagnetic wave and thus
loose energy. With lowering of the kinetic energy, the orbit radius
should decrease and, eventually, after time t f of the order of 10−11 s
the electron should "fall" onto the nucleus.

To estimate t f in the frame of classical electrodynamics, the Lar-
mor formula for power P emitted by an accelerated charge

P =
2
3

ke2v̇2

c3 (1.76)

may be used. Let us assume that the process is quasistatic, i.e.
for the electron moving on a spiral trajectory, one may apply the
Newtons law

ke2

r2 = m
v2

r
(1.77)
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where r is the current orbit radius, m is the electron mass and v
its velocity. The total energy E of the atom is composed of the kinetic
energy of the electron and the potential energy of the electrostatic
interaction:

E =
mv2

2
− ke2

r
= − ke2

2r
(1.78)

The energy conservation equation for the system considered is

dE
dt

= −P (1.79)

which yields

r2dr = −4
3

k2e4

c3m2 dt (1.80)

By integrating LHS of this equation from the initial orbit radius a0

to zero and, respectively, RHS from zero to t f , the fall time is found
to be

t f =
m2c3a3

0
4k2e4 ≈ 10−11s (1.81)

Figure 1.19: Continuous spectrum of a
white light obtained using diffraction
grating (upper part) compared with the
spectrum due to discharge in a bulb
containing hydrogen gas (lower part)
showing only two lines. ©Märcker

Figure 1.20: Spectral lines in the visible
range for selected atoms.

Another drawback of the planetary model is the fact that, even
if the energy lost is somehow prevented or compensated, the elec-
tron orbiting the nucleus at fixed distance should emit EMWs with
a well-defined frequency or wavelength. For the hydrogen atom,
for example, one would expect only one wavelength. The experi-
ments, however, show totally different behavior. The emission (or
absorption) spectrum of hydrogen atom exhibits transitions at many
different frequencies. For example, in a simple lab experiment with
hydrogen gas two spectral lines in the visible range of frequencies
can readily be observed (see Figure ??). For atoms with higher atomic
numbers, notably larger number of spectral lines may be found in
the visible spectrum of light as exemplified in Figure ??. Around
the beginning of 20th century it was established that the transitions
frequencies reveal some patterns, i.e. they may be combined into
some mathematical series. The quest for establishing the mathemat-
ical equations describing the spectral lines was triggered by Johan
Jakob Balmer, a Swiss mathematician, who in 1885 has empirically
found that the wavelengths of the hydrogen emission spectrum in the
visible range are described by an equation

λ =
Bm2

m2 − n2 (1.82)

with B ≈ 364 nm, n = 2 and m = 3, 4, 5, 6. In 1988, Johannes
Rydberg has found that Eq. ?? is just a subclass of a more general
Rydberg equation describing all transitions of the hydrogen atom:

https://en.wikipedia.org/wiki/Johann_Jakob_Balmer
https://en.wikipedia.org/wiki/Johann_Jakob_Balmer
https://en.wikipedia.org/wiki/Johannes_Rydberg
https://en.wikipedia.org/wiki/Johannes_Rydberg
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ν̄12 ≡ 1
λ
= RH

(
1
n2

1
− 1

n2
2

)
(1.83)

where n1 < n2 and RH = 109678, 8 cm−1 is the Rydberg constant
for hydrogen.3 It is seen that the Balmer series results with n1 = 2. 3 For a hydrogen-like atom with the

nucleus of charge Ze and only one
orbiting electron the same equation
applies with RH replaced by RAZ2,
where RA is the Rydberg constant for
the atom considered.

The predictions of the Rydberg equation for other n1 were experi-
mentally proven in 1908 for n1 = 3 (Paschen series in IR range, )1916

for n1 = 1 (Lyman series in UV range), in 1922 for n1 = 4 (Brackett
series in IR range), continued later by other series.

1.4.4 The Bohr model

To explain the features which remained unanswered by the planetary
model, Nils Bohr in 1913 in the first paper [N. Bohr, I. Philosophical
Magazine and Journal of Science, 26 (1913) 1] of his famous trilogy
postulated that

• Atom can have only discrete energies (levels). In the (stationary)
state with these energy levels atoms do not emit.

• On transition from one stationary state with an energy E1 to an-
other state with E2 a photon with the energy h̄ω = E2 − E1 is
emitted or absorbed.

The model appeared to be an elaboration on the Planck’s and
Einstein’s ideas on the energy quantisation and was a next big step
towards the development of quantum mechanics. Let as consider
the model in more details from the perspective of (still!) classical
physics. It is often argued, however, that the model put forward
by Bohr is essentially wrong and hence its consideration should
better be avoided in teaching curricula (see, for example, here). In
our case, we discuss it because the course from the very beginning
was structured around the historical developments.

Because to 1913 the Rydberg equation has already been experi-
mentally verified (at least with the Balmer and Paschen series), Bohr
has required that the stationary energy levels should be in agreement
with this equation. If, for any hydrogen-like atom, it is rewritten in
the form

hν = chRAZ2

(
1
n2

1
− 1

n2
2

)
(1.84)

then, by comparing it to hν = E2 − E1, the energy level En results
as

En = −chRAZ2 1
n2 (1.85)

https://www.tandfonline.com/doi/abs/10.1080/14786441308634955
https://www.tandfonline.com/doi/abs/10.1080/14786441308634955
https://aapt.scitation.org/doi/10.1119/1.5064553
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Thus, the energy levels are inversely proportional to square of the
principal quantum number n. For an electron orbiting the nucleus, the
angular frequency ω of rotation is readily found using Eqs. ?? and ??
corrected for Z:

ω = −2E
L

(1.86)

On the other hand, Eq. ?? requires that the product Enn2 should
remain constant. Taking differential it yields

n2dEn + 2nEndn = 0 (1.87)

For large n and small changes in n, this equation should hold as
well if the differentials are replaced by the differences ∆E and ∆n. In
this limit, the quantum physics should be consistent with the classical
one according to the correspondence principle, which we intend to use.
With this and by substituting ∆E = h̄ω, ω is found as

ω = −2En

nh̄
∆n (1.88)

For ∆n = 1, Eqs. ?? and ?? should coincide. This is satisfied if the
angular momentum is a quantized quantity, i.e. L = nh̄.

Using the classical equation, Eq. ??, the orbit radius can be ex-
pressed as a function of the angular frequency L,

r =
L2

mkZe2 =
(nh̄)2

mkZe2 (1.89)

Finally, the total energy of the atomic system is

En = −m
2

(
kZe2

h̄

)2 1
n2 (1.90)

To validate Eq. ??, let us evaluate the Rydberg constant for the
hydrogen atom by comparing Eqs. ?? and ??:

RH =
mk2e4

4πh̄3c
≈ 109731cm−1 (1.91)

This value is found to be in an excellent agreement with the ex-
perimentally obtained value, proving that the validity of the Bohr’s
approach.

• E X A M P L E 1 . 4 . 1 :
The agreement between Eq. ?? and experiment can be improved
further. In the derivations it has been assumed that the nucleus
position is fixed in space and the electron orbits the nucleus. This
implies that the electron mass, me, is neglected as compared to that
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of the nucleus, mn. In reality, however, they orbit each other about
a common center of mass.

solution:
To correct for this effect, the electron mass needs to be replaced by
the reduced mass µ, which is found as µ−1 = m−1

e + m−1
n .

1.4.5 The Franck-Hertz experiment

Figure 1.21: Vacuum cell (upper im-
age, ©Märcker) and the schematics
(lower image) of for the Franck-Hertz
experiment.

Figure 1.22: Current-voltage diagram
obtained in Franck-Hertz experiment.
©Märcker

In parallel with the development of the atomic model by Bohr, James
Franck and Gustav Hertz have performed experiments on ionization
of atoms. It turned out, however, that these studies have delivered
a direct confirmation of the Bohr’s theory. In their experiment, they
bombarded atom of metals, such as mercury, to measure their ioniza-
tion potential, i.e. the energy required to remove one electron from
the atom. For this, they vaporized some amount of mercury into a
vacuum tube as shown in Figure ??. The electrons from a cathode,
heated to high temperature, were accelerated by an anode, which was
made in a form of a grid. In this way, the electrons accelerated by the
applied grid potential V, could pass the grid and approach another
electrode, a collector. Between the grid and the collector a retarding
potential was applied, thus the electrons needed to have enough ki-
netic energy to overcome the retarding potential and to approach the
collector. Without the mercury in the tube, the electric current due
to the electrons collected at the collector, smoothly increases with
increasing the grid potential and saturates at a certain level. Here
one may find an analogy with the photoelectric current-voltage di-
agram in Figure ?? with the difference that the free electrons in the
cathode obtain kinetic energies larger the work-function due to high
temperature applied.

With the mercury vapor in the tube, a very unusual behavior is
obtained as shown in Figure ??. While the general tendency (increase
and saturation) is preserved, the curve exhibits the formation of
equidistant minima and maxima. The separation between them was
found equal to 4.9 eV. Until the first maximum formed close to 4.9 eV
is approached, the curve follows the typical pattern noted without
mercury. Afterwards the current drops sharply and a glowing in the
tube is observed. Another maximum is formed as the grid potential
is increased by another 4.9 eV, followed by other maxima. Interest-
ingly, the glowing the tube shows alternating hell and dark regions,
and their amount correlates with the number of maxima passed by
upon increasing the grid potential, see example in Figure ??.

Figure 1.23: Glowing in the vacuum
tube. ©Märcker

The explanation of the unusual effect observed is associated with
excitations of the higher electronic energy levels in the mercury atom.
When the kinetic energies of the electrons accelerated by the grid po-

https://en.wikipedia.org/wiki/James_Franck
https://en.wikipedia.org/wiki/James_Franck
https://en.wikipedia.org/wiki/Gustav_Ludwig_Hertz


38 experimental physics scripts

tential are lower than 4.9 eV, the electrons may perform only so-called
elastic collisions with the mercury atoms. Upon such collisions, be-
cause the atom mass is substantially larger than of the electron mass,
kinetic energy of the electrons remains almost unchanged and only
the flight direction is affected. Nevertheless, the electrons have good
chances to approach the collector. As the magic potential 4.9 eV,
which in fact corresponds with the energy separation between the
ground energy state (n = 1)and the first excited state (n = 2), is
reached, the energy of the incident electron is enough to excite the
atom. This type of collision, where the incident electron looses its
energy, is called inelastic collision. Thus, the inelastic collisions cause
drop in the electric current, because upon the collision the electrons
cannot overcome the retarding potential. If the grid potential is in-
creased further, the electrons may gain enough energy to reach the
collector. At the same time, if the potential is such that after one colli-
sion the electron may be accelerated to energy of 4.9 eV, it may loose
this energy upon a second collision. This is exactly how the second
drop in the electric current is formed. With increasing potential the
process will repeated.

Another confirmation of this scenario is delivered by the glow-
ing observed. If one measures the wavelength emitted, exactly the
same 4.9 eV will result for the photon energy. Thus, the glowing re-
sults due to the transitions from the first to the ground energy levels
following emission of the photons.

• E X E R C I S E 1.4. 3:
Explain the glowing pattern in Figure ??.
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1.5 Matter waves

The principal deficiency of the Bohr’s atomic model was the re-
quiriment of the stationary orbits. From the point of view of classical
physics, the existence of such orbits could not be either explained or
justified. Thus, classical physics has encountered critical problems as
scale went down to the atomistic sizes.

1.5.1 de Broglie waves

Among different phenomena observed experimentally, some exper-
iment highlighted the wave character of the EMWs (interference,
diffraction), while other brought a strong evidence of the particle-
like behaviors (Compton effect, photoeffect). Thus, the wave-particle
duality for photons has become an accepted concept. In a complete
analogy, in 1924 in his PhD thesis Lois de Broglie hypothesized that
any particles should also exhibit wave properties, i.e. extended the
particle-wave duality principle to any material object. In the same
way as the wavelength is defined for photons, the wavelength λm

associated with an object was suggested to be

λm =
h
p
=

h√
2mE

(1.92)

where E is the full kinetic energy of the object. Even in this "prim-
itive" form, the idea turned out to be useful to explain some short-
comings of the Bohr’s theory. In particular, by assigning the electrons
wave properties, the stationary orbits could be seen as those, on
which an integer number of the electron wavelengths λe could be fit
in. If the matter waves would be real, this reasoning for the station-
ary orbits is a reasonable theoretical concept. Recall, Bohr introduced
and quantified such orbits to be consistent with the Rydberg series,
i.e. completely based on the experimental observations. Let us ex-
plore whether the de Broglies hypothesis is also consistent with the
experiment.

The de Broglie requirement for the orbit radii is

2πr = nλe =
nh
mv

(1.93)

By noting that L = mvr, it immediately follows that the angular
momentum becomes quantized, L = nh̄. Substituting it into Eq. ??
results in the expression for the Bohr’s orbits.

https://en.wikipedia.org/wiki/Louis_de_Broglie
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1.5.2 Electron diffraction

Interestingly, experimental indications of the matter waves have been
observed before the de Broglie’s hypothesis. In early 1920th, Clinton
Davisson has noticed that the intensity of an electron beam scattered
off a metal film exhibit some maxima, with their position being a
function of the accelerating potential. Later, it has been rationalized
that these intensity modulations resulted due to interference of the
electrons reflected from different atomic planes in the crystals stud-
ied.

George Thomson, observed the same phenomenon "if a fine beam of
homogeneous cathode rays is sent nearly normally through a thin celluloid
film (of the order 3 × 10−6 cm. thick) and then received on a photographic
plate 10 cm. away". Thomson has proven that the diffraction rings seen
on the screen were formed by electrons. Indeed, one may anticipate
that the diffraction rings could be due to the photons emitted by the
atoms, which were excited by the electron beam. An elegant disprove
of this scenario was made by applying a magnetic field - the ring
pattern remained, but was shifted.

Figure 1.24: Electron diffraction in a
graphite film. ©Märcker

An example of such diffraction pattern is shown in Figure ??. The
thermo-electrons were accelerated by an electric potential V of 5 kV
and, upon passing through a thin graphite film, were collected on
a hemispherical fluorescing screen. The graphitised carbon sample
is composed of many thousand of tiny crystallites orientated ran-
domly. Statistically, among different orientation there will be found
such orientations which fulfill the Bragg’s condition for constructive
interference

2d sin θ = λ (1.94)

Here, d is the distance between two adjacent planes in the crystals
formed by the atoms arranged periodically, θ is the angle of inci-
dence, and λ is the de Broglie wavelength of the electrons. The beam
pathway in the experimental setup corresponding with this scenario
is shown in Figure ??. With the measured arc length s, which is asso-
ciated with the cap on the spherical screen formed by the diffraction
ring, the interplane distance d may be evaluated to

Figure 1.25: Schematics to the exper-
iment in Figure ??. The blue bar is
the sample and the red line shows the
beam pathway hitting the green screen.

d =
4R
s

h√
2meV

(1.95)

where R is the screen radius, m and e are the electron mass and
charge, respectively. With R = 6.3 cm and s1 ≈ 2.2 cm and s2 ≈ 4 cm,
two interatomic distances of about 0.22 and 0.11 nm can be found.
This values are in a good agreement with the expected from the
known crystal structure of graphite.

https://www.nobelprize.org/prizes/physics/1937/davisson/facts/
https://www.nobelprize.org/prizes/physics/1937/davisson/facts/
https://www.nobelprize.org/prizes/physics/1937/thomson/biographical/
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• E X E R C I S E 1.5. 1:
Derive Eq. ??.

1.5.3 Probability waves

The way to explain the results of the experiments on electron diffrac-
tion discussed in the preceding section implied that the interference
pattern was due to reflections of different electrons from different
planes, so that they approached a common point on the screen with
different phases. Surprisingly, however, that the analogous experi-
ments, but performed by Biberman, Sushkin, and Fabrikant in 1949

in a single electron mode (or in indian-file fasion how it was de-
scribed in a confidential CIA report), i.e. each time only one electron
passed the film and any electron-electron interactions were excluded,
delivered the same result! This pointed strongly out that the wave
character was a single-particle property and not wave-like behavior
of collections of particles. Moreover, it is not some peculiar prop-
erty of the electrons, but any particles. The latter is most spectacu-
larly proven by the observation of diffraction for single, huge C60

molecules as shown in Figure ??.

Figure 1.26: Diffraction of single
football-like big fullerene particle
on a diffraction grating. The figure (b)
shows the position distribution of the
fullerene particles collected on a screen
without grating, while (a) is the result
after passing the grating.

With these experiments physics faced another problem. Diffraction
of a single particle, e.g., of an electron, means that it "passes" simul-
taneously several slits in a diffraction grating. On the other hand, it
is still a material, point-like (with a finite size though) object. When

https://www.cia.gov/library/readingroom/docs/CIA-RDP80-00809A000600260756-4.pdf
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it is detected by, for example, a fluorescing screen, it is the electron
interacts with the screen and not its "parts". This casual contradiction
is solved using statistical interpretation of the particle waves. In com-
plete analogy with the light waves, any particle may be characterized
using a monochromatic wave

Ψ(⃗r, t) = ei(kr−ωt) (1.96)

and the measurable quantity is the wave intensity |Ψ(r, t)|2. In
quantum mechanics, this intensity is treated in a statistical sense and
represents the probability to find the particle at r⃗ at time instance t. It
is worth reminding that the probabilities are always positive and less
or equal to one. If to integrate |Ψ(r, t)|2 over the Universe, the result
is 1. This simply tells that the particle is somewhere. For monochro-
matic waves, |Ψ(r, t)|2 is constant, i.e. the particle can be found with
equal probability anywhere in the Universe. Do not be confused with
this result, because monochromatic waves are only mathematical ab-
stractions. As far as any force field is considered, interaction of the
particle with this field will render the wave function Ψ(r, t) from that
given by Eq. ??. Quantum mechanics is, thus, about finding Ψ(r, t).
The only accessible quantity experimentally is, however, |Ψ(r, t)|2.

1.5.4 The uncertainty principle

Let us consider the wave character of material objects from a math-
ematical perspective. All material objects have some finite sizes.
Hence, describing them using monochromatic waves is impossible.
Instead one needs to construct a wave packet, i.e. a linear superposi-
tion of monochromatic waves with different wave vectors such that,
upon summing them up, they will yield a finite intensity or ampli-
tude in the volume taken by the particle and zero otherwise. Let us
for the sake of simplicity consider a one-dimensional object occupy-
ing an interval from x to x + ∆x. Thus, the wave amplitudes at x and
x + ∆x should be zero. The first requirement yields that

∫ k+∆k

k
eikx = 0 (1.97)

is satisfied if ∆kx = n2π, where n = 1, 2, 3... This simply means
that, for having zero upon summing up harmonic functions with
different frequencies and with fixed position, a finite range ∆k of the
wave numbers is needed. To satisfy the zero condition at another
edge of the object,

∫ k+∆k

k
eik(x+∆x) = 0 (1.98)
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the following equality should hold ∆k(x + ∆x) = m2π, where m
is another integer number. By comparing these two, it follows that
the product ∆k∆x must be at least equal to 2π. Hence, to properly
describe an object with an extension ∆x using harmonic functions,
the distribution of the wave numbers ∆k should satisfy the condition

∆k∆x ≥ 2π (1.99)

By noting that the particle momentum is simply related to the
wave vector, p = h̄k, Eq. ?? implies that a projection of the parti-
cle momentum onto any axis and its position on this axis cannot be
known simultaneously with any precision. The fundamental uncer-
tainty principle,

∆px∆x ≥ h (1.100)

says that if, for example, the position of a particle can be obtained
with a higher precision, the penalty for this will be increased uncer-
tainty in the momentum, and vice versa. The most dramatic example
for the uncertainty principle, as we have already seen, is provided by
the monochromatic wave - because the momentum (or wave vector)
is known exactly, the position is absolutely uncertain.

Using similar arguments it can also be shown that the uncertainty
principle is also applied for the energy-time pair:

∆E∆t ≥ h (1.101)

It is not surprise that it is a principle, and not a (exact) law. The
uncertainty principle is uncertain itself. The way how we have ob-
tained Eq ?? has a flavor of uncertainty in the mathematical sense.
In particular, in quantum mechanics, being essentially a statistical
theory, the deviations like ∆x and ∆p are meaningless. Instead, the
mean square deviations of this quantities from their mean values
should be considered. The more accurate formulation of the uncer-
tainty principle in terms of the means square deviations is

⟨∆x2⟩⟨∆p2⟩ ≥ h̄2/4 (1.102)

Because the uncertainty principle is used, in most case, only for
estimating some quantities or analysis of some processes, the use of
the principle in form of Eq ?? is reasonably justified.

The uncertainty principle is a fundamental principle of physics
and is very useful for analysis of physical processes or phenomena.
Let us consider some selected examples.

• E X A M P L E 1 . 5 . 1 :
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Given the uncertainty principle, stating that some physical quanti-
ties cannot not be measured with high accuracies simultaneously,
what is the status of Newtonian mechanics? Is it still justified us-
ing it?

solution:
To answer this question, let us consider a metal ball with a mass of 1

g. Using atomic microscopy it position can be determined to about 1

Å. This in turn means that uncertainty in its velocity determination
will be about ∆v ≈ h/(m∆x) ≈ 10−20 m/s. The latter is far beyond
the accuracy of any experimental technique. In this regard, the
Newton’s laws as applied to macroscopic objects are extremely
accurate.

• E X A M P L E 1 . 5 . 2 :
How the Bohr’s planetary model of atom is seen from the prospec-
tive of the uncertainty principle?

solution:
Consider, e.g., an electron on the first Bohr’s orbit r0. Following de
Broglie, 2πr0 = λ = h/p. Using the uncertainty principle,
∆p ≈ h/∆r, where ∆r is the uncertainty in the orbit radius. It makes
sense to talk about orbits if only ∆r is notably smaller than r0,
otherwise the orbits cannot be defined. But this leads then to the
inequality ∆p >> p, so that it becomes nonphysical to define
velocities of the electrons on orbits. Altogether, the uncertainty
principle reveals that Bohr’s model is nonphysical.

• E X A M P L E 1 . 5 . 3 :
Can electron fall down on the nucleus or what is atom size?

solution:
Let us consider the hydrogen atom in which the force balance can be
expressed as p2/(mr) = ke2/r2. Hence, (pr)2 = ke2mr. Because
pr > ∆p∆r, ke2mr > h2. Finally, it is seen that the uncertainty
principle reveals the minimal orbit radius very close to the first
Bohr’s orbit.

Figure 1.27: Electron diffraction on a
hole.• E X A M P L E 1 . 5 . 4 :

What happens if to localize temporarily the electron position using
a small hole?
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solution:
When an electron passes the hole of a diameter d its momentum
projection onto, e.g., the x-axis becomes uncertain such that
∆px ≈ h/d. Thus, after passing the hole it may have any angle
between 0 and θ = ∆px/p (see Figure ??), where p is the initial
momentum. With p = h/λ, θ = λ/d. But this is nothing else than the
Bragg’s condition determining the width of the first diffraction peak.

1.5.5 The Schrödinger equation

Classical mechanics is inhabited with the Newton’s and energy con-
servation equations. What about quantum mechanics and how the
fundamental laws look in terms of the wave functions? Let us con-
sider a (nearly) monochromatic wave, i.e. the situation when the
momentum is fixed and does not change. Differentiating Eq. ?? twice
with respect to the spatial coordinate the equation describing motion
with constant momentum can be obtained:

∇2Ψ = −k2Ψ = − p2

h̄2 Ψ (1.103)

If ω, hence energy, is fixed, then differentiation with respect to
time results in the equation

∂

∂t
Ψ = −i

p2

2mh̄
Ψ (1.104)

describing motion with constant energy. Because we do not con-
sider any potential fields, the energy here is, thus, associated with the
kinetic energy only. By comparing these two equations, the following
identity can be noted

ih̄
∂

∂t
Ψ = − h̄2

2m
∇2Ψ (1.105)

which is the quantum mechanics equation of motion for particles
moving freely, i.e. in the absence of any force fields. By inspecting
the dimensions on both sides of Eq. ?? it turns out that both have
dimensions of energy. A good guess now is that this equation can
be complemented by the potential energy to generalize it to funda-
mental equation of quantum mechanics, the Schrödinger equation
postulated in 1925:

ih̄
∂

∂t
Ψ = − h̄2

2m
∇2Ψ + U(r)Ψ (1.106)

Some important properties of this differential equation is that

• if Ψ(r, t) is known for a certain instant of time t, then Ψ(r, t) can be
found for any time because Eq. ?? is a simple first-order differen-
tial equation with respect to time;

https://www.nobelprize.org/prizes/physics/1933/schrodinger/facts/


46 experimental physics scripts

• if Ψ1(r, t) and Ψ2(r, t) are the solutions of Eq. ??, then their linear
superposition is solution as well.

On considering, for example, atomic systems, we have seen that
their full description requires identifying the stationary states, like
orbits in the Bohr’s model, and transitions between these states. The
latter will be considered later, let us now to explore the stationary
states from the perspective of the Schrödinger equation.

The stationary solution means that the spatial part of the wave
function does not change in time, hence the spatial and temporal
parts of Ψ(r, t) decouple, so that

Ψ(r, t) = ψ(r)e−iωt (1.107)

This wave function with separated variable complies with the sta-
tionarity, because indeed the only measurable quantity Ψ(r, t)Ψ∗(r, t)
becomes time-independent. By substituting Eq. ?? into Eq. ??, it is
found that for stationary states

Eψ(r) =

(
− h̄2

2m
∇2 + U(r)

)
ψ(r) (1.108)

1.5.6 Potential walls

Figure 1.28: Particle hitting a high-
potential wall.

In order to see how the Schrödinger equation works, let us consider
a simple example of a particle moving in a free space and entering
a region with a potential field. As it is shown in Figure ??, let us
consider a one-dimensional step-wise potential, such that U(x) = 0
for x < 0 (region I) and U(x) = U0 for x > 0 (region II). Initially,
the particle having kinetic E moves in region I towards region II. The
Schrödinger equation for the wave function ΨI in region I is given
by Eq. ?? for a particle moving in a free space. Its general stationary
state solution is

ΨI(x, t) = ψI(x)e−iωt =
(

Aeikx + Be−ikx
)

e−iωt (1.109)

where A and B are some constants representing the wave ampli-
tudes for waves moving to the right and to the left4, respectively. 4 B is not necessarily zero due to a

possible reflection at the potential step.In region II the Schrödinger equation is

h̄2

2m
d2ψI I

dx2 = (U0 − E)ψI I (1.110)

Its general solution for the spatial part of the wave function is

ψI I(x) = Ceαx + De−αx (1.111)

where α2 ≡ 2m(U0 − E)/h̄2.
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The general solution for the entire space is found by joining the
two solutions for regions I and II and by requiring that at x = 0, the
point where two wave functions need to be made compatible with
each other,5 the wave function should be continuous 5 Solutions of the Schrödinger equation

must be unambiguously defined for
any spatial coordinate. If approaching
x = 0 from the left and from the right
yield different results, then solution is
ambiguous, hence nonphysical.

ψI(x = 0) = ψI I(x = 0) (1.112)

In addition, because the Schrödinger equation assumes differentia-
tion, also the differentials taken at x = 0 should be identical:(

dψI
dx

)
x=0

=

(
dψI I
dx

)
x=0

(1.113)

The two condition result in a system of equation for the wave
amplitudes

A + B = C + D (1.114)

ik(A − B) = α(C − D) (1.115)

• High potential wall U0 > E.

With U0 > E α, is a real, positive-valued quantity. Hence, the co-
efficient C should be set to zero. Otherwise, the wave function ψI I

diverges for large x. This automatically means, that the particles will
be reflected by the wall. On the other hand, there will be a finite
penetration depth into region II, as described by the remaining expo-
nentially decaying term in ψI I .6 By solving Eqs. ?? the wave functions 6 Note complete analogy to the total

internal reflection of light from a
medium with lower refractive index.

are thus found as

ψI(x) = A
(

eikx − α + ik
α − ik

e−ikx
)

(1.116)

ψI I(x) = −A
2ik

α − ik
e−αx (1.117)

Let us prove that indeed all particles will be reflected by the wall.
Let us evaluate for this the reflection coefficient R, which is the ratio
of the fluxes J of the reflected and incident particles in region I. The
flux is proportional to the particle velocities and the probabilities to
find particles moving in a given direction. The incident flux JI is thus
vA2, while reflected one is

JR = v|A|2
∣∣∣∣α + ik
α − ik

∣∣∣∣2 (1.118)

The ratio JR/JI can be evaluated and shown to be equal to 1.
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• E X E R C I S E 1.5. 2:
Show that JR/JI = 1.

Let us now find the probability |ψI I(x)|2 of finding the particle in
region II:

|ψI I(x)|2 = |A|2 4k2

α2 + k2 e−2αx (1.119)

• Low potential wall U0 < E.

Figure 1.29: Particle hitting a low-
potential wall.

If the initial kinetic energy of the particle is higher than U0 as
shown in Figure ??, the energy conservation law does not forbid
finding the particle in region II. The parameter α is, in this, case an
imaginary number α ≡ ik′, where k′2 = 2m(E − U0)/h̄2. Thus, the
solution of the Schrödinger equation for region II is found as

ψI I(x) = Ceik′x (1.120)

Note that the coefficient D in Eq.›?? was set to zero, because there
are no physical reasons causing waves propagating to the left in
region II. ψI(x) is given by Eq. ??. Asking for the continuity at the
interface, the system of equation for the wave amplitudes is

A + B = C (1.121)

k(A − B) = k′C (1.122)

Finally,

ψI(x) = A
(

eikx − k − k′

k + k′
e−ikx

)
(1.123)

ψI I(x) = A
2k

k + k′
eik′x (1.124)

Once again, by considering the flux ratios in both regions, the
reflection (R) and transmission (T) coefficients are found as

∣∣ z
z′
∣∣2 = |z|2

|z′ |2

R =
|B|2
|A|2 =

∣∣∣∣ k − k′

k + k′

∣∣∣∣2 (1.125)

T =
v′|C|2
v|A|2 =

4kk′

|k + k′|2 (1.126)

In the last equation, the equality v′/v = k′/k was used.

• E X E R C I S E 1.5. 3:
Prove that R + T = 1.
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As a final remark, it is worth noting the principal difference be-
tween classical and quantum mechanics solutions. In classical me-
chanics the particles are always localized and one finds energy or
momentum as a function of the particle coordinate. In quantum me-
chanics it is different. The particle positions are represented by the
probability waves which are defined for the entire space. Moreover,
as we have just considered, the total wave function can be a superpo-
sition of several waves, e.g., incident and reflected ones. The energy
of the particle is determined, thus, not only by one wave, but by their
combined effect. Hence, if energy in classical mechanics found for a
certain particle position is irrespective of other positions, in quantum
mechanics it the total wave function for entire space determines the
particle state, hence its energy.

1.5.7 Tunneling through a potential barrier

Figure 1.30: Particle hitting a potential
barrier.

In optics course we have discussed the emergence of the evanescent
light fields. In complete analogy, the particle waves can also exhibit
the same phenomenon, which is called tunneling effect. The schemat-
ics of this situation is shown in Figure ??, where the region (II) with
a potential field U(x) is found for 0 < x < b. In classical mechanics,
the particles encountering on their way such potential barriers would
simply be reflected back. But because of a non-finite probability to
find the particle in region II (see, e.g., Eq. ??), at the next edge of the
potential barrier at x = b the wave function ψI I(x = b) may still be fi-
nite. Hence, because of the continuity and the requirement that wave
function should be unambiguously defined, ψI I I(x = b) will also
be finite. This leads then to the mergence of the wave travelling in
region III to the right. Because in region III the potential filed is zero,
the wave vector will be the same as in region I, i.e. particle continues
moving after the barrier with the same velocity as before the barrier.

The wavefunction in the entire space is obviously given by a com-
bination of Eqs. ??, ?? and

ψI I I(x) = A′eikx (1.127)

By introducing a = A/A′, Bn = B/A′, Cn = C/A′, and Dn =

D/A′ a system of equations for the wave amplitudes resulting from
the continuity requirement is

a + Bn = Cn + Dn (1.128)

ik(a − Bn) = α(Cn − Dn) (1.129)

Cneαb + Dne−αb = eikb (1.130)

αCneαb − αDne−αb = ikeikb (1.131)
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Adding Eqs. ?? and ?? gives

a =
1
2

[
Cn

(
1 − iα

k

)
+ Dn

(
1 +

iα
k

)]
(1.132)

Solving Eqs. ?? and ?? for Cn and Dn and substituting these solu-
tions into Eq. ?? results in

a =
1
4

eikb
[

2
(

e−αb + eαb
)
− i
(

α

k
− k

α

)(
e−αb − eαb

)]
(1.133)

Let us consider the limit of large barrier width, so that b >>

(2α)−1. In this case, Eq. ?? simplifies to

a =
1
2

eikbeαb
[

1 +
i
2

(
α

k
− k

α

)]
(1.134)

The transmission coefficient T is

T =
v′|A′|2
v|A|2 =

1
|a|2 (1.135)

With

|a|2 =
1

16
e2αb

(
α

k
+

k
α

)2
(1.136)

the transmission coefficient may be evaluated to

T ≈ 16
(U0 − E)E

U2
0

e−2αb (1.137)

It is rarely that the barriers have a rectangular shape, typically
U(x) smoothly increases and then decreases around the central po-
sition. In this case, T is found by approaching the barrier by a his-
togram with the bin size dx and by multiplying the transmission
coefficients Ti for each bin. This leads eventually to the integration
over the energy profile under the exponent. In more details, this is
demonstrated with the next example of a triangular barrier.

• E X E R C I S E 1.5. 4:
Prove Eqs. ?? and ??.

1.5.8 Field emission microscope
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Figure 1.31: Schematics of a field
emission microscope (left) and image of
a tungsten surface obtained using such
microscope (right, ©Märcker).

Figure 1.32: Anti-reflecting barrier.

The first experimental prove of the quantum tunneling effect was
provided by the observation of cold emission of electrons from metal
surfaces upon applying strong electric fields. The free electrons in
metals can be considered as confined in a potential box. Indeed, their
energies (later you will see that they are distributed according to the
Fermi-Dirac statistics) are lower than the workfunction A, hence they
cannot escape the metal. This situation thus corresponds to the case
of a high potential wall considered before. If, however, an electric
field E between the metal and a detector, such as a fluorescing screen
in Figure ??, is applied, the potential field U(x) outside the metal
becomes U(x) = A − eEx. Here, the origin x = 0 is taken at the metal
surface. Thus, for an electron with an energy Ei the potential wall
with the application of the electric field turns into a triangular barrier
as depicted in Figure ??. The barrier extends from x = 0 to x′ =

(A − Ei)/eE. If to subdivide this interval onto many pieces of the
width dx, the hight of the potential in each piece can be considered
constant. The total transmission is then found by multiplying the
transmission coefficients in each piece given by Eq. ??, which results
in

T = T0 exp

{
−

√
8m
h̄2

∫ x′

0

√
A − eEx − Eidx

}

= T0 exp

{
−4

√
2m

3h̄
(A − Ei)

3/2

eE

} (1.138)

Averaging over all possible Ei yields (without proof) the average
transmission coefficient

⟨T⟩ = Ke−B/E (1.139)

where K and B are the material-dependent coefficients. One may argue that cold emission
can also be explained classically if
the electric fields are strong enough.
Although it is true, the potentials
applied need to be substantially higher
than those observed in the experiments.

The emission current, and hence the lightening of the fluoresc-
ing screen, is directly proportional to ⟨T⟩. The important thing to
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note now is that the metal surface is inhomogeneous because of the
atomistic structure. The workfunction, hence B, is a function of the
position on the metal surface for which the emission is studied. The
metal crystal is typically a tiny, needle-like object with a size of about
hundred nanometers situated in the center of a semi-spherical screen.
The latter has a radius much exceeding the tip size and thus provid-
ing enormous amplifications. In this way, the color patterns observed
on the screen reflects the crystallographic organisation of the metal
crystal.

1.5.9 Anti-reflecting barriers

Figure 1.33: Anti-reflecting barrier.

As we have seen in Section ??, if a particle encounters a low-height
potential wall (E > U0) it will reflected back with a certain proba-
bility. Interestingly, and once again in full agreement with what we
have discussed in the optics course, a barrier with the same height
(see Figure ??) can be used to suppress the reflection. For this, the
barrier width needs to be tuned to yield destructive interference of
the incident and reflected matter waves. Let us find this width b.

The set of the equations defining the wavefunction in the entire
space is

ψI(x) = Aeikx + Be−ikx (1.140)

ψI I(x) = Ceik′x + De−ik′x (1.141)

ψI I I(x) = A′eikx (1.142)

With the notions for the normalized coefficients used in the pre-
ceding section, the continuity requirement yields

a + Bn = Cn + Dn (1.143)

k(a − Bn) = k′(Cn − Dn) (1.144)

Cneik′b + Dne−ik′b = eikb (1.145)

k′Cneik′b − k′Dne−ik′b = keikb (1.146)

The last system of equations can be solved for a:

a =
1
4

[
(2 + y)ei(k−k′)b + (2 − y)ei(k+k′)b

]
(1.147)

where

Figure 1.34: Transmission coefficient as
a function of barrier width.

y =
k
k′

+
k′

k
(1.148)

With Eq. ??, |a|2 is
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|a|2 =
1
8

[
4 + y2 + (4 − y2) cos(2k′b)

]
(1.149)

To have the transmission coefficient equal to one, |a|2 should be
one as well. This is attained when cos(2k′b) = 1, or b = mπ/k′,
where m = 1, 2, 3... On the other hand, the transmission is minimal
if b = mπ/(2k′), where m = 1, 3, 5... In this case, T = 4/y2. The
transmission coefficient plotted as a function of the ratio b/λ′, where
λ′ is the de Broglie wave length of the particle in region II, is shown in
Figure ??.

• E X E R C I S E 1.5. 5:
Prove Eqs. ?? and ??.
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1.6 Quantisation of energy

So far all solutions obtained for the Schrödinger equation did not
contain any restrictions for the possible energies the particle may
have. The question is, what are the conditions leading to quantisation
of energy, i.e. when instead of a continuous spectrum only quan-
tised energy levels will be allowed. Let us consider several examples,
clarifying this issue.

1.6.1 Potential box

Figure 1.35: Potential box.

Let us confine a particle in a potential box, such that the potential en-
ergy will be zero in the interval 0 < x < b and equal to U0 otherwise.
For the purposes of this section, it is also justified to consider in-
finitely large U0 → ∞ as shown in Figure ??. In this case, the allowed
particle positions are confined to the interval 0 < x < b (penetration
depth at the walls tends to zero). Thus, ψ(x) is nonzero for 0 < x < b
and zero otherwise. For 0 < x < b, ψ(x) is found as a solution of the
Schrödinger equation

d2ψ(x)
dx2 = −k2ψ(x) (1.150)

which is

ψ(x) = Aeikx + Be−ikx (1.151)

Because ψ(x = 0) = ψ(x = b) = 0, sin(x) = (eix − e−ix)/(2i)

A + B = 0 (1.152)

Aeikb + Be−ikb = 0 (1.153)

With A = −B, the second equation is only satisfied if sin(kb) = 0,
i.e. only discrete set of the wave numbers k = nπ/b (n = 0, 1, 2...),
hence energies is allowed! Thus, spatial localization of a particle
naturally leads to quantisation of the particle energies:

E =
h̄2π2

2mb2 n2 (1.154)

From the mathematical viewpoint, it is caused by the fact that the
wavefunction needs to satisfy two boundary conditions simultane-
ously.

Figure 1.36: Wavefunctions and proba-
bility densities for particle confined in
potential box.

The wavefunctions corresponding with the stationary states with
the energies determined by Eq. ?? are given by
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ψ(x) = i

√
2
b

sin
(

nπ
x
b

)
(1.155)

The wavefunction is found to be imag-
inary, but only its square has physical
meaning.

where the numerical pre-factor has been determined by requir-
ing that the probability to find the particle in the box is one. The
first three wavefunctions and the respective probability densities are
shown in Figure ??.

• E X E R C I S E 1.6. 1:
Derive Eq. ??.

An interesting question is whether the trivial case of n = 0 also
belongs to the solution or not? Consider, hypothetically, that tem-
perature is slowly decreased to (a close vicinity of) absolute zero.
In this case, the kinetic energy also tends to zero and n = 0 seems
to be reasonable. In fact, however, not. This formal solution of the
Schrödinger equation turns out to be forbidden by the uncertainty
principle. Indeed, a particle confined in an one-dimensional box
of the size b has the maximal uncertainty in its position equal to b.
Hence, Eq. ?? imposes the lower bond for the energy of the particle as
expressed by the inequality

E >
(∆p)2

2m
≈ h2

2mb2 (1.156)

The fundamental message of this estimate is that the energy can-
not be made infinitesimally small and there is an absolute minimum
called zero-point energy. Formally, Eq. ?? states that the first allowed
energy state is that with n = 1. It is worth, however, checking that the
result remains unchanged if the more accurate version of the uncer-
tainty principle given by Eq. ?? is used. The mean square deviation
from the average position is

⟨∆x2⟩ = ⟨(x − ⟨x⟩)2⟩ = b2/12 (1.157)

hence,

E >
⟨∆p2⟩

2m
=

3h̄2

2mb2 (1.158)

and n = 1 is still the allowed state. The latter, i.e the energy cor-
responding with n = 1, will also be the zero-point energy of the
problem.

• E X E R C I S E 1.6. 2:
Prove Eq. ??
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1.6.2 Two-dimensional potential box

Figure 1.37: Two-dimensional potential
box.

If the potential boxes of higher dimensions are considered, for ex-
ample a two-dimensional one shown in Figure ??, the result is found
by multiplying the solutions obtained independently for each coor-
dinate axis. It is still instructive to address this problem, because it
introduces a new concept of degenerate energy states. Let us confine
ourselves to an infinitely large potentials. The Schrödinger equation
in the box is

∂2ψ(x, y)
∂x2 +

∂2ψ(x, y)
∂y2 = −k2ψ(x, y) (1.159)

By looking for the solution with separated variables ψ(x, y) =

X(x)Y(y) and by using the results obtained in the preceding section,
the wavefunction is found to be

ψ(x, y) =

√
2
ab

sin
(

nxπ
x
b

)
sin
(

nyπ
y
a

)
(1.160)

and the energy spectrum is

E =
h̄2π2

2m

(
n2

x
b2 +

n2
y

a2

)
(1.161)

Consider a box with a = b. In this case any pair with nx = A, ny =

B and nx = B, ny = A yields the same energy. In this case one says
that the energy level is two-fold degenerate. That means that by mea-
suring the energy for these states it is not possible to identify each
quantum number. It well might be that the energy levels are multi-
fold degenerate. As an example, consider for the case discussed two
pairs 5, 5 and 7, 1, which yield three-fold degeneracy. The degeneracy
can be lifted by bringing asymmetry into the system, for example by
making a slightly different form b. You will see later that often it is a Note that degenerate energy levels

for a = b are lifted by making a ̸= b,
however, other degenerate energy levels
may emerge.

magnetic or electric filed is applied for lifting the degeneracy.

1.6.3 Harmonic oscillator

Figure 1.38: Harmonic potential.

The use of the infinitely large, sharp potential resulted in the sta-
tionary state solutions corresponding with the standing waves for
the wavefunctions with the ends fixed at the potential walls. What
if the potential increases not sharply, but is a smooth function? In
that case, as we have seen for potential walls of a finite height, the
penetration depth is finite as well. Will the energy levels in this case
still remain quantised? A good example to consider in this regard is
the harmonic potential (see Figure ??), which is infinite for x → ∞ as
well, but increases smoothly with increasing x.
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The Schrödinger equation for the problem of a particle subject to a
harmonic potential is Just to recall - there are no forces

in quantum mechanics, anything is
determined by potential fields only.h̄2

2m
d2ψ(x)

dx2 − 1
2

mω2x2ψ(x) + Eψ = 0 (1.162)

By introducing a new position variable ξ = x
√

mω/h̄, Eq. ?? may
be rewritten as

d2ψ

dξ2 + (C − ξ2)ψ = 0 (1.163)

where C = 2E/(h̄ω). It is easy to check by substitution that a
simple function exp(−ξ2/2) is a solution of Eq. ?? if C = 1. This
suggests that a general solution for the wave function is given by

ψ(ξ) = H(ξ)e−ξ2/2 (1.164)

where H(ξ) is some polynomial function. By substituting Eq. ??
into Eq. ??, a differential equation defining H(ξ) is found as

d2H
dξ2 − 2ξ

dH
dξ

+ (C − 1)H = 0 (1.165)

There is a series of solutions of this equation, so-called Hermitian
polynomials,

Hn(ξ) = (−1)neξ2 dn

dξn e−ξ2
(1.166)

where n = 0, 1, 2.. is the order of polynomial. These polynomials
can generally be represented as

Hn(ξ) =
n

∑
k=0

akξk (1.167)

where ak are numerical constants (different for different polynomi-
als). Substituting it into Eq. ?? yields

n

∑
k=0

ak

(
k(k − 1)ξk−2 − 2kξk + (C − 1)ξk

)
= 0 (1.168)

This equation can be satisfied for any arbitrary ξ if only the nu-
merical coefficients in each term are zero. On considering the leading
term (k = n), the leading coefficient should be zero as well:

an(−2n + (C − 1)) = 0 (1.169)

This equality defines thus the energies of the stationary states, n = 0, 1, 2..

E =
h̄ω

2
(2n + 1) (1.170)
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which once again appear as a discrete, equidistant spectrum. The
series starts with the zero-point energy h̄ω/2 and each further energy
level is separated by h̄ω.

The wavefunctions for the n-th energy level is thus

ψ(ξ)n = Nn Hn(ξ)e−ξ2/2 (1.171)

The normalization constant Nn can be found, as usual, by applying
the requirement that the integral of the density probability over all
positions is one. The first four wavefunctions are shown in Figure ??.
What is useful to note is that n determines the number of nodes,
excluding two trivial end-nodes, of the wavefunction. Hence, it is ap-
parent, for example, that for odd n the probability to find the particle
at x = 0 (position of the potential energy minimum) is zero.

Figure 1.39: Wavefunctions (red) and
density probabilities (blue) for the first
four stationary states of the harmonic
oscillator.

An important question is whether the harmonic oscillator may
emit (or absorb) photons with energies multi-fold of h̄ω, for example
3h̄ω. As we will see later such transitions will be forbidden by the
so-called selection rules. The only allowed transitions are those with
∆n = ±1.

1.6.4 From discrete to continuous spectrum

One of the message of the preceding section was that making the
potential wall smooth does not remove the energy quantisation.
Thus, the question when the energy spectrum becomes continuous
in accord with the classical mechanics still remains open. Let us now
explore the situations of the potential boxes of finite heights.

Let us use two potential walls of the height U0 set at x = −b
and x = b so that U0 = 0 for −b < x < b and U0 otherwise.
We purposefully place the potential well symmetrically to simplify
analysis by using the symmetry property. For −b < x < b the wave
function ψm(x) is

ψm(x) = Aeikx + Be−ikx (1.172)

• Deep potential well E < U0.

In this case α2 = 2m(U0 − E)/h̄2 is positive, hence α is a real num-
ber. Thus, outside the well the solution of the Schrödinger equation
for x < −b and x > b, respectively, are

ψl(x) = Ceαx (1.173)

ψr(x) = De−αx (1.174)
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In the latter equations it was ensured, by dropping out two other
terms, that the wavefunctions not tend to infinity with increasing
distance from the well.

Obviously, the solution should be symmetric, i.e. A2 = B2. There
are, thus, two possible solutions, A = B and A = −B, which we treat
separately. With the former equality,

ψm(x) = A′ cos(kx) (1.175)

where A′ = 2A. The continuity requirement applied at x = −b
yields

A cos(kb) = Ce−αb (1.176)

kA sin(kb) = αCe−αb (1.177)

The same equation set results also for x = b, but with D on the
right hand side. The latter fact suggests that C = D. Eqs. ?? and ??
may be combined to

k tan(kb) = α (1.178)

Figure 1.40: The functions ρ = σ tan(σ)
(brown) and ρ2 + σ2 = a2 (blue) for
a = 2, 5, 8.

Let us multiply both sides by b and introduce two new variables
σ = kb and ρ = αb, so that ?? becomes σ tan(σ) = ρ. It is seen that σ

and ρ related as

σ2 + ρ2 =
2mU0

h̄2 b2 ≡ a2 (1.179)

The system of two equations ?? and ?? can be solved numerically
or graphically as shown in Figure ??. An important observation is
that the problem has a discrete spectrum of solutions. Their number
depends on a, which is a function of the well width and the poten-
tial U0. Thus, as it is seen in the figure, for a = 2 there is only one
solution, for a = 5 two solutions, for a = 8 three solutions, etc.
These solutions are yield respective spectra for ρ, hence energies.
That means that the energy levels are quantized as far as the particle
energy is lower than the potential height. Because the wavefunctions
ψl(x) and ψr(x) decay to zero outside the well, i.e. particle is "bound"
to the potential well, the stationary states are often called the bound
states.

• E X E R C I S E 1.6. 3:
Analyze the problem for the case if A = −B.

• Low potential well E > U0.
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In this case α is imaginary, hence

ψl(x) = Ceikx + C′e−ikx (1.180)

ψr(x) = Deikx + D′e−ikx (1.181)

for x < −b and x > b, respectively. Importantly, these functions
remain finite for any x. With four equations resulting from the conti-
nuity requirement the coefficients C, C′, D, and D′ can be expressed
as functions of the coefficients A′ and B′ of Eq. ??. Because the latter
coefficients A′ and B′ may have any arbitrary values, the same be-
comes valid for C, C′, D, and D′ too. Consequently, the energies may
assume any value, i.e. the energy spectrum is continuous. Because
the probability density is finite anywhere, i.e. the particle may be
found at any separation from the well, the wavefunctions describe so
called unbound states. Thus, quite generally we see that, if particle
is in a bound state, its energetic spectrum is quantized, while for un-
bound states the spectrum is continuous. A good example, which in
some detail we cover in one of the next sections, is an atomic system
where an electron in bound to the nucleus. Hence it energy spec-
trum should be discrete. If, however, the atom is bombarded by some
particles, so that an energy exceeding the ionization potential is sup-
plied, the electron can be removed from the atom, i.e. transferred into
an unbound state. In this case, the energy of the nucleus-electron pair
is not quantized anymore.

1.6.5 Spherically symmetric potentials

In may instances, for example on considering the atomic systems, the
potentials have spherical symmetry. In this regard, it is instructive
to consider what one may generally infer from the symmetry. The
spherical symmetry means that the potential in the spherical coordi-
nate system depends only on r, but there is no angular dependency,
U = U(r). We will not specify the exact radial dependency and treat
the problem quite generally, i.e. for any potential, which has spheri-
cal symmetry.

The stationary Schrödinger equation, Eq. ??, in the spherical coor-
dinate system is

1
r2

∂

∂r

(
r2 ∂ψ

∂r

)
+

1
r2 sin(θ)

∂

∂θ

(
sin(θ)

∂ψ

∂θ

)
+

1
r2 sin2(θ)

∂2ψ

∂φ2 +
2m
h̄2 (E − U)ψ = 0

(1.182)

By multiplying the both sides by r2 sin2(θ) it modifies to
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sin2(θ)
∂

∂r

(
r2 ∂ψ

∂r

)
+ sin(θ)

∂

∂θ

(
sin(θ)

∂ψ

∂θ

)
+

∂2ψ

∂φ2 + r2 sin2(θ)
2m
h̄2 (E − U)ψ = 0

(1.183)

Let us seek for the solution using separable Ansatz, ψ(r, θ, φ) =

R(r)Θ(θ)Φ(φ). Substituting it into Eq. ?? yields

sin2(θ)

R(r)
∂

∂r

(
r2 ∂R(r)

∂r

)
+

sin(θ)
Θ(θ)

∂

∂θ

(
sin(θ)

∂Θ(θ)

∂θ

)
+ r2 sin2(θ)

2m
h̄2 (E − U) = − 1

Φ(φ)

∂2Φ(φ)

∂φ2

(1.184)

where we have combined all functions of r and θ on the LHS and
of φ on the RHS of Eq. ??. Because the two sides depend on different
sets of variables, the equality can only be ensured if both sides are
constants and are equal. Let us denote this constant with C1. With
the RHS of Eq. ?? replaced by the constant C1 (so that the angular
dependency on φ drops out), Eq. ?? can be rearranged further in a
way to collect functions depending on r and on θ only. this leads to

1
R(r)

∂

∂r

(
r2 ∂R(r)

∂r

)
+ r2 2m

h̄2 (E − U)

=
C1

sin2(θ)
− 1

sin(θ)Θ(θ)

∂

∂θ

(
sin(θ)

∂Θ(θ)

∂θ

) (1.185)

Once again, the LHS and RHS parts depend on different argu-
ments, hence they both are equal to another constant C2.

Let us now explore separately the azimuthal and polar terms in
these equations. The former one is

− 1
Φ(φ)

∂2Φ(φ)

∂φ2 = C1 (1.186)

with its formal solution being the waves propagating clockwise or
anti-clockwise:

Φ(φ) = Ae±i
√

C1 φ (1.187)

Because the wavefunction should be unambiguously defined for
any φ, upon increasing φ by 2π, the wavefunction must return to
its original state, i.e. Φ(φ) = Φ(φ + 2π · k), where j is any integer
number. This requirement of the unambiguity imposes constraints on
the possible valies of C1. Indeed, because according to Eq. ??

e±i
√

C1 φ = e±i
√

C1 φe±i
√

C12π·j (1.188)
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To this moment we have collected two
quantum numbers for our quantum
zoo: the principal (or main) one n and
the magnetic one m.

it is seen that
√

C1 must be integer! This number is commonly
denoted by m is typically referred to as the magnetic quantum number.
The reason for this is that this number describes the spin state and
the details come in one of the succeeding sections.

• E X E R C I S E 1.6. 4:
Determine the pre-factor A in Eq. ??.

The second equation for the polar part of the total wavefunction is

m2

sin2(θ)
− 1

sin(θ)Θ(θ)

d
dθ

(
sin(θ)

dΘ(θ)

dθ

)
= C2 (1.189)

Let us introduce a new variable ξ = cos(θ), so that this equation
becomes

d
dξ

(
(1 − ξ2)

dΘ(ξ)

dξ

)
+

(
C2 −

m2

1 − ξ2

)
Θ(ξ) = 0 (1.190)

Let us seek for solution of this differential equation in a form of
polynomial functions

Θl(ξ) =
l

∑
k=0

akξk (1.191)

where l is the order of the polynomial function.

• Azimuthal symmetry, m = 0.

Let us first consider the most simple scenario of m = 0, i.e. for
situations when the wave function is irrespective of the azimuthal
angle. In another words, the probability to have any angle φ is con-
stant and the wavefunction is symmetric for rotations about z-axis. A tricky question here is how to define

z-axis, or often called the quantization
axis, because in fact all directions
are equivalent. This question will be
addressed later in the context of the
hydrogen atom.

Substituting Eq. ?? into Eq. ?? with m = 0 yields

l

∑
k=0

ak

(
−k(k + 1)ξk + k(k − 1)ξk−2 + C2ξk

)
= 0 (1.192)

As we have already discussion in Section ??, the coefficients in
each term should be zero. For the leading coefficient it follows that

C2 = l(l + 1) (1.193)

Thus, C2 as well may assume only discrete set of values deter-
mined by the angular momentum quantum number l with the latter
being l = 0, 1, 2... l is the third member of the family

together with n and m.Solution of the resulting equation Eq. ?? with C2 = l(l + 1) and
m = 0 is given by the Legendre polynomials, which may be defined
as

https://en.wikipedia.org/wiki/Adrien-Marie_Legendre
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Pl(ξ) =
1

2l l!
dl

dξ l (ξ
2 − 1)l (1.194)

Figure ?? shows the first four Legendre polynomials squared,
which are proportional to the probabilities of having angle θ. In order
to convert them to the probability densities they should be normal-
ized. An important thing to note is that once again the polynomial
order reflects the number of nodes.

Figure 1.41: The Legendre polynomials
squared. The first four polynomials are
shown with their degrees, l, indicated
in the figure by the numbers.

• General solution for any m.

The general solution of Eq. ?? with C2 = l(l + 1) and arbitrary m
can only be obtained if 0 ≤ m ≤ l. Otherwise the solution turns out
to have non-singularities. These solutions are the so-called associated
Legendre polynomials of the degree l and the order m

Pm
l (ξ) = (−1)m(1 − ξ2)m/2 dm

dξm (Pl(ξ)) (1.195)

The angular part of the wavefunction for any potential field with
spherical symmetry is found by the combination

Ym
l (θ, φ) = NPm

l (cos(θ)) eimφ (1.196)

which is known as Laplace’s spherical harmonics. In Eq. ?? N is
the normalization constant. Figure ?? shows the spherical harmonics
for l = 0, 1, 2, 3.

Figure 1.42: The spherical harmonics
functions.

https://en.wikipedia.org/wiki/Pierre-Simon_Laplace
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1.7 Operators

If the classical physics operates with functions, quantum me-
chanics has invented its own concept called the method of operators.
Indeed, if, e.g., energy or momentum in classical mechanics are con-
tinuous functions of some coordinates, in quantum mechanics they
may have only discrete set of values. In this regard, you may feel that
there might another mathematical concept more appropriate to de-
scribe and to analyze quantum phenomena. This concept, considered
shortly in this sections, is based on operators.

1.7.1 Basic properties

Essentially, by an operator you may understand any "work tool" (in
mathematics, a symbol) which acts on "object" (in mathematics, a
function) and returns a modified "object" (in mathematics, another
function with the same set of variables). For example, multiplying by A press operates on a piece of sugar

and results in sugar powder. Minus
sign operates on a number and results
in the negative number.

x can be considered as an operator, because it modifies the original
functions. In the same spirit, differentiation may also be associated
with an operator. Conventionally, the operators are denoted by a hut
symbol. Thus, in the example just mentioned,

x̂(6x − 2) = x · (6x − 2) = 6x2 − 2x (1.197)

The operators can added,

(Â + B̂) f (x) = Â f (x) + B̂ f (x) (1.198)

or multiplied,

(ÂB̂) f (x) = Â(B̂ f (x)) (1.199)

In contrast to multiplication of numbers or functions, for opera-
tors ÂB̂ not always equal to B̂Â. In this case, the operators are not
commutable. A simple example of not commuting operators are multi-
plication by x and differentiation. Indeed,

(
x

d
dx

)
f (x) = x d f (x)

dx (1.200)(
d

dx
x
)

f (x) = f (x) + x d f (x)
dx (1.201)

• E X A M P L E 1 . 7 . 1 :
For not commuting operators [Â, B̂] = ÂB̂ − B̂Â ̸= 0.
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solution:
On considering the example above,

(
d

dx x
)
−
(

x d
dx

)
= 1, which is

indeed different from zero.
In quantum mechanics, only linear operators are considered. The

linear operators are such operators, having the following property

Â(C1 f (x) + C2ϕ(x)) = C1 Â f (x) + C2 Âϕ(x) (1.202)

Here, no additional interference terms between f (x) and ϕ(x)
appear. The reason for considering only linear operators is that other-
wise the superposition principle for the wave functions could not be
conformed.

1.7.2 Average quantities and operators

For the purposes of this course, we will need several operators associ-
ated with the position coordinates, linear and angular momenta, and
energy. It turns out that these operators are intimately related to the
expectation or average values of the respective quantities. Physics, in-
cluding quantum physics, is about measurements. The measurement
accuracies are subject to different limitations, both fundamentals
(e.g., the Heisenberg principle) and experimental. Hence, the average
quantities are of common interest. Let us start with the most sim-
ple physical quantity, which is position. The probability to find an
object (particle or whatever) at a position x is given by ψ ∗ (x)ψ(x).
Recall that the wavefunctions are normalized to one. Hence, the aver-
age position of the object (if one do many experiments and finds the
statistical average) or its expectation value is found as

⟨x⟩ =
∫

xψ∗(x)ψ(x)dx (1.203)

In quantum mechanics, the average value of any physical quantity
A is given by a similar expression

⟨A⟩ =
∫

ψ∗(x)Âψ(x)dx (1.204)

In agreement with the latter definition, the average position can be
expressed as

⟨x⟩ =
∫

ψ∗(x)x̂ψ(x)dx (1.205)

By comparing Eqs. ?? and ?? it is seen that the position coordinate
operator is coordinate itself, x̂ = x (r̂ = r).

In order to have an idea how the linear momentum operator may
look like, let us consider a monochromatic wavefunction. In this case,
k, and hence p = h̄k, are well defined. In this case, ⟨p⟩ = p. By
referring to the general expression Eq. ??, it should be that p̂ψ(x) =
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pψ(x). What is a mathematical operation which, upon acting on (a
monochromatic) ψ(x), returns pψ(x)? A good guess is

−ih̄
∂

∂x
eikx = peikx (1.206)

Thus, this example suggests that the momentum operator is

p̂ = −ih̄
∂

∂x
(1.207)

Continuing this line of reasoning, let us revise the Schrödinger
equation for the stationary states,(

− h̄2

2m
∇2 + U(r)

)
ψ(r) = Eψ(r) (1.208)

E, the total energy, is a constant. If we treat the expression in the
brackets on LHS of this equation as an operator, in what follows Ĥ,
then it is seen that, according to Eq. ??,

⟨E⟩ =
∫

ψ∗(x)Ĥψ(x)dx = E (1.209)

Two conclusions can be drawn from this example. The first one is
that Ĥ is the operator for total energy. Secondly, it turns out that as
far as an operator, corresponding with some physical quantity, upon
acting on a wavefunction returns the wavefunction times constant,
then the average value of this quantity is equal to that constant. In
these cases, i.e. when

Âψ(x) = Aψ(x) (1.210)

the wavefunction and the constant (e.g., A in the equation above),
are called eigenfunctions and eigenvalues, respectively. For eigenfunc-
tions it is not only that ⟨A⟩ = A, but there is no scatter in A. This
can be proven by calculating the mean square deviation of A from its
average value, (A − ⟨A⟩)2 = ⟨A2⟩ − ⟨A⟩2 . Because

⟨A2⟩ =
∫

ψ∗(x)Â2ψ(x)dx = A2 (1.211)

⟨A⟩2 =
(∫

ψ∗(x)Âψ(x)dx
)2

= A2 (1.212)

it follows that (A − ⟨A⟩)2 = 0, i.e. there is no scatter in the value
besides experimental uncertainties.

With the Heisenberg uncertainty principle we have seen that some
physical quantities cannot be measured simultaneously for a quan-
tum system in a certain state. This suggests that these two quantities
cannot be the eigenvalues for the system in this state described by the
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wavefunction ψ(x). Otherwise, both would have the mean square de-
viation from the average value zero and could thus be measured with
any accuracy. To address this question in more details, let us consider
a state ψ(x) which is eigenfunction for two operators Â and B̂, i.e.
Âψ(x) = Aψ(x) and B̂ψ(x) = Bψ(x). If it is so, then it is straight-
forward to see that the two operates are commutable. Hence, if only
two operators are commutable, their values can simultaneously be
measured with any accuracy.

• E X E R C I S E 1.7. 1:
Can the physical quantities in the following pairs be determined
simultaneously: (x, y), (px, py), (px, x), (px, y)?

• E X A M P L E 1 . 7 . 2 :
Prove that if two operators share a common set ψn of eigenfunc-
tions, then these operators commute.

solution:

Let us consider

Âψn = Aψn (1.213)

B̂ψn = Bψn (1.214)

It is seen that

(
ÂB̂ − B̂Â

)
ψn = 0 (1.215)

Eq. ?? does not allow, however, to state that [Â, B̂] = 0. Indeed,
the term in the bracket in Eq. ?? operates on a specific function ψn

and the final zero result can be a consequence of the operation on a
specific eigenfunction and not of the fact that the commutator itself
is zero. The latter statement can be exemplified with the following
identity (

∂2

∂x2 − ∂4

∂x4

)
x = 0 (1.216)

which does not prove that ∂2
x − ∂4

x = 0.
It turns out, however, that any arbitrary wave function ψ can be

expressed as an eigenfuction expansion The eigenfunctions ψn are assumed to
form an orthogonal basis for Â, hence
for B̂ too.

ψ = ∑
n

cnψn (1.217)

It is easy to see now that
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(
ÂB̂ − B̂Â

)
ψ = 0 (1.218)

for any arbitrary function ψ, which can only be satisfied if

[Â, B̂] = 0 (1.219)

• E X A M P L E 1 . 7 . 3 :
Prove that if two operators commute, then they have a common set
of eigenfunctions.

solution:

Let us assume that ψn form an eigenfunctions basis for the op-
erator Â and An are the respective eigenvalues. Because the two
operators commute, then

ÂB̂ψn = B̂Âψn = An B̂ψn (1.220)

Eq. ?? reveals that the function B̂ψn is the eigenfunction for the
operator Â with the same eigenvalue An. But this can only be valid
if the two functions B̂ψn and ψn differ by only a numerical constant. Here the degenerate states are not

considered.We may call this constant Bn: B̂ψn = Bnψn. That means that ψn is the
eigenfunction for operator B̂ too.

The situation is little more complicated if there are degenerate
states, i.e., there exist a subset of different eigenfunctions B̂ψn result-
ing in the same eigenvalue An. In this case, the eigenfunctions for B̂
may not be the eigenfunctions for Â. However, there is a theorem in
quantum mechanics stating that, by using a special, linear superpo-
sition of the degenerate eigenfunctions, a new orthogonal basis can
always be found that the new set of the wafe functions will be com-
mon for both operators Â and B̂. The latter is exactly what is asked
for to prove.

1.7.3 The angular momentum operator

Among physical quantities we interested in, the angular momentum
L is the least trivial one. This may already be judged by noting that
L = r × p is determined by two quantities subject to the Heisenberg
uncertainty principle. It seems that L in quantum mechanics can-
not be measured accurately. Let us explore this question in greater
details.

Because we know already the operators for coordinate and mo-
mentum, the angular momentum operator can be readily defined:
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L̂ = −ih̄(r ×∇) (1.221)

The Cartesian components of the operator are

L̂x = −ih̄
(

y
∂

∂z
− z

∂

∂y

)
(1.222)

L̂y = −ih̄
(

z
∂

∂x
− x

∂

∂z

)
(1.223)

L̂z = −ih̄
(

x
∂

∂y
− y

∂

∂x

)
(1.224)

Figure 1.43: Memo to Eqs. ??-??.

Let us check whether any two components of the operator are
commutable, i.e. [L̂i, L̂k] = 0. In another words, whether any two
components can be measured simultaneously. After some mathemat-
ics, it can be shown that

[L̂x, L̂y] = ih̄L̂z (1.225)

[L̂y, L̂z] = ih̄L̂x (1.226)

[L̂z, L̂x] = ih̄L̂y (1.227)

All commutators turn out to have non-zero values, hence two
component of the angular momentum cannot be determined simul-
taneously. That means further that the angular momentum in quan-
tum mechanics is undefined. Instead, the angular momentum of a
quantum-mechanical system is defined by a pair of one the Carte-
sian components of the operator and the square of the momentum
operator L̂2. Let us prove that indeed these operators commute. For
this let us compute first L̂2 L̂z (the same will be valid for any other
components rather than L̂z):

L̂2 L̂z = L̂2
x L̂z + L̂2

y L̂z + L̂3
z

= L̂x(L̂z L̂x − ih̄L̂y) + L̂y(L̂z L̂y + ih̄L̂x) + L̂3
z

(1.228)

In a similar way, L̂zL̂2 is found:

L̂zL̂2 = L̂x(L̂z L̂x − ih̄L̂y) + L̂y(L̂z L̂y + ih̄L̂x) + L̂3
z (1.229)

By subtracting Eq. ?? from Eq. ?? it is seen that

[L̂2, L̂z] = 0 (1.230)

• E X E R C I S E 1.7. 2:
Prove ??.
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Note that while L̂2 and L̂z define the angular momentum, the two
other components L̂x and L̂y remain undefined.

Because L̂2 and L̂z commute, they share the same eigenfunctions
and both have eigenvalues. Let us find them. For doing this, it is
convenient to express the angular momentum operator Cartesian
components via the polar coordinates. Using the inverted hats for ∇ = ∂

∂r ř + 1
r

∂
∂θ θ̌ + 1

r sin(θ)
∂

∂φ φ̌ Because
the hat symbol is used for denoting
operators, the unit vectors from now
on will be denoted by the inverted hat
symbol.

denoting unit vectors, Eq. ?? rewritten in polar coordinate systems is

L̂ = −ih̄
(

∂

∂θ
φ̌ − 1

sin(θ)
∂

∂φ
θ̌

)
(1.231)

What is interesting to note is that L̂ appears to be a function of
only the polar and azimuthal angles but not r! The Cartesian compo-
nents can now be found as scalar products of L̂ with x̌, y̌ and ž:

L̂x = ih̄
(

cot(θ) cos(φ)
∂

∂φ
+ sin(φ)

∂

∂θ

)
(1.232)

L̂y = ih̄
(

cot(θ) sin(φ)
∂

∂φ
− cos(φ)

∂

∂θ

)
(1.233)

L̂z = −ih̄
∂

∂φ
(1.234)

• Eigenvalues of L̂z.

The eigenvalues of the L̂z operator are most simple to find by
solving the equation:

L̂zψ(r, θ, φ) = −ih̄
∂

∂φ
ψ(r, θ, φ) = Lzψ(r, θ, φ) (1.235)

Using the separable Ansatz ψ(r, θ, φ) = R(r)Θ(θ)Φ(φ),

∂Φ(φ)

∂φ
= i

Lz

h̄
Φ(φ) (1.236)

Its solution is similar to ??,

Φ(φ) = Aei Lz
h̄ φ (1.237)

Hence, the uniqueness of the wavefunction is ensured if

Lz = mh̄ (1.238)

where m is any integer number. Thus, the projection of the an-
gular momentum vector on any selected axis is quantized with the
quantisation unit neing the Planck constant h̄.

Figure 1.44: Quantisation of the pro-
jection of the angular momentum on a
selected axis.

• Eigenvalues of L̂2.
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With Eqs. ??, ??, ??, and ?? it can be shown that the operator L̂2 is

L̂2 = −h̄2
(

∂2

∂θ2 + cot(θ)
∂

∂θ
+ (1 + cot2(θ))

∂2

∂φ2

)
(1.239)

• E X E R C I S E 1.7. 3:
Derive Eq. ??.

The eigenvalues L2 of this operator are found as

L̂2ψ = L2ψ (1.240)

To find them, it is convenient first to rewrite the L̂2 operator, Eq. ??
using a new variable ξ = cos(θ):

L̂2 = −h̄2
(
(1 − ξ2)

∂2

∂ξ2 − 2ξ
∂

∂ξ
+

1
1 − ξ2

∂2

∂φ2

)
(1.241)

With the last expression, Eq. ?? can further be modified to

−h̄2 ∂

∂ξ

(
(1 − ξ2)

∂ψ

∂ξ

)
+

m2h̄2

1 − ξ2 ψ = L2ψ (1.242)

where we have used the fact that

∂2

∂φ2 ψ = −m2ψ (1.243)

It is seen that ?? coincides with ??, hence it immediately follows
that

L2 = l(l + 1)h̄2 (1.244)

Thus, the angular momentum of a quantum-mechanical system is
described by Eqs. ?? and ??. Notably, as we have seen earlier in Sec-
tion ??, −l ≤ m ≤ l. As well, the two quantities subject to inequality

L2 > L2
z (1.245)

stating that the angular momentum cannot align along z-axis.

• E X E R C I S E 1.7. 4:
Derive Eqs. ??, ??, and ??.

• E X E R C I S E 1.7. 5:
Prove Eq. ??.
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1.8 Hydrogen atom

Among different atomic systems, the hydrogen atom is the most
simple to consider. It is still only two-body problem, hence can be
solved exactly. On the other hand side, it shows a rich spectrum of
physical phenomena. In particular, the concept developed for the
hydrogen atom may also be applied for analysis of the many-electron
systems with one electron in the outer shell. Let us consider this
model in details and unlock the quantum-mechanical meaning of the
classical electron orbits.

1.8.1 Radial part of the wavefunction

In the hydrogen atom, the single electron is found in a spherically-
symmetric Coulomb potential due to the nucleus. As we have dis-
cussed earlier, the angular component of the wavefunction is univer-
sal for any spherically-symmetric potentials, hence is given by Eq. ??.
To remaining angular part can be found by solving Eq. ??, where the
RHS of this equation is constant and, as we have established, is equal
to l(l + 1):

1
R(r)

∂

∂r

(
r2 ∂R(r)

∂r

)
+ r2 2m

h̄2 (E − U(r)) = l(l + 1) (1.246)

where the potential is In Eq. ?? Z is used because the same
derivation applies also for ions with
only one electron.

U(r) = − kZe2

r
(1.247)

It is convenient to consider the potential being equal to zero at
infinite separation from the nucleus and negative for finite separa-
tions. In this case, E < U will describe bound state of the electron,
while E > U the unbound state (see for details ??). By introducing
two new constants β2 = −2meE/h̄2, which is the real number for the
bound system we are interested in, and q = 2mekZe2/h̄2, Eq. ?? may
be rewritten as

∂

∂r

(
r2 ∂R(r)

∂r

)
=
(

β2r2 − qr + l(l + 1)
)

R(r) (1.248)

With the substitution u′(r) = rR(r), the latter equation becomes

∂2u′(r)
∂r2 =

(
β2 − q

r
+

l(l + 1)
r2

)
u′(r) (1.249)

Let us consider the long-range asymptotic of this equation, i.e the
limit r → ∞. In this case, it transforms to
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∂2u′(r)
∂r2 = β2u′(r) (1.250)

with the solution being Ae−βr + Beβr. Obviously, B = 0, otherwise
the wavefunction becomes infinite for large r. This suggests, that the
general solution of Eq. ?? should be

u′(r) = u(r)e−βr (1.251)

where u(r) is a polynomial function. In terms of this function,
Eq. ?? is transformed to

∂2u(r)
∂r2 − 2β

∂u(r)
∂r

=

(
− q

r
+

l(l + 1)
r2

)
u(r) (1.252)

Let us establish the function u(r). Quite generally, it can be repre-
sented as a polynomial

u(r) =
n

∑
k=γ

akrk (1.253)

Note, so far we have no clues about γ and n, the former can be
zero or finite, the latter may also be either finite or tend to infinity.
Let us establish what these numbers are. By substituting Eq. ?? into
Eq. ??, one finds

n

∑
k=γ

ak

[
k(k − 1)rk−2 − 2βkrk−1 − l(l + 1)rk−2 + qrk−1

]
= 0 (1.254)

To satisfy this identity for any r, the coefficients of each polyno-
mial term must be zero. Let us consider the coefficient of the lowest
power term, which is rγ−2,

γ(γ − 1)− l(l + 1) = 0 (1.255)

This equation has two solutions, γ = −l and γ = l + 1. The former
one is nonphysical, while it leads to divergence of the wavefunction
as r →= 0. Hence, the only valid solution is the latter one, γ = l + 1.

Let us now consider n and first assume that it may run to infinity.
In order to establish the behavior of the coefficients ak with increas-
ing k, let us find the recurrence formula connecting the coefficients ak

and ak+1. This can be done with the help of Eq. ??, by equating the
coefficient for the term rk−1 to zero:

−2βkak + qak + k(k + 1)ak+1 − l(l + 1)ak+1 = 0 (1.256)

The recurrence expression for large k is thus found to be
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ak+1
ak

=
2βk − q

k(k + 1)− l(l − 1)
=

k→∞

2β

k + 1
(1.257)

Let us do the same for the function eαr by expanding it to series

eαr =
∞

∑
k=0

(αr)k

k!
(1.258)

and by inspecting the coefficients for the recurrence

ak+1
ak

=
αk+1k!

αk(k + 1)!
=

α

k + 1
(1.259)

By comparing Eqs. ?? and ?? it is seen that as n → ∞, u(r) will
asymptotically increase as e2βr. Henceforth, R(r) will as well increase
proportionally to eβr to infinity. Thus, we may conclude that, in order
to have finite values of the wavefunction for large r, the polynomial
should have an upper cut-off, i.e. a finite largest power n.

By equating the leading coefficient to zero,

2βn − q = 0 (1.260)

the energy levels for the hydrogen atom result as

E = −me

2

(
kZe2

h̄

)2 1
n2 (1.261)

The quantum-mechanical derivation is found thus to be in perfect
agreement with the classical result, Eq. ?? obtained earlier.

1.8.2 Degeneracy of the energy levels

Being formally the same as its classical analogue, Eq. ?? is, however,
notably reacher. Indeed, for any state with n, i.e. for any principal
quantum number n, there is a subset of the states with different l and
m. Thus, all energy levels described by Eq. ?? are N-fold degenerate.
Let us find the degree of degeneracy N.

Let us first inspect the number of allowed ls for a given n. This
can be established by referring to Eq. ??. The sum in this equation
runs from l + 1 to n. It is seen that l + 1 should be smaller than n,
otherwise the polynomial will not have any terms and the wavefunc-
tion will be zero. Thus, the angular momentum quantum number
should fulfill l < n. For m, −l ≤ m ≤ l. Hence, the state with l
can be realised with 2l + 1 different realizations of m. The degree of
degeneracy can now be found as

N =
n−1

∑
l=0

(2l + 1) = 2(n − 1)
n
2
+ n = n2 (1.262)
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The main message of this section is that, for a given n, the square
of the angular momentum may have n different values as given by
Eq.??. Moreover, in each state with l (or for given L2) the projection
of the angular momentum Lz may have 2l + 1 different realizations.
Energy of the hydrogen atom in each of these N = n2 states is only
determined by n, i.e. the energy levels are n2-fold degenerate.7 This 7 Adding the electron spin in the next

section will increase the degree of
degeneracy by factor 2.

implies that, for example, transitions from all these states correspond-
ing with n to the ground state will result in the same emission spec-
tral line. Adding some interactions, e.g. applying magnetic fields,
may result in lifting up the degeneracy or, in other words, in splitting
the single spectral line into several lines.

1.8.3 Orbits, shells, orbital

The classical treatment of atoms was based on the concept of orbits.
Although they correctly predicted some physical quantities, we have
seen several examples reveling their non-physical properties. What is
the quantum-mechanical analogue of the orbits? For uncovering this
issue, let us look more closely into the radial part of the wavefunc-
tion, which for a state with n and l is

Rn,l(r) = Cn,l

n

∑
k=l+1

akrk−1e−βr = Cn,l

n

∑
k=l+1

akrk−1e−
Zr

a0n (1.263)

where a0 = h̄2/meke2 is the radius of the first Bohr’s orbit for
hydrogen atom and Cn,l are the normalization constants determined
as

C2
n,l

∫ ∞

0
r2R∗

n,l Rn,ldr = 1 (1.264)

Without proof, the polynomial in Eq. ?? can be expressed via the
associated Laguerre polynomials, so that

Rn,l(r) = Cn,lrl L2l+1
n−l−1(2Zr/a0n)e−

Zr
a0n (1.265)

• The ground state n = 1, l = 0.

The Laguerre polynomial in this case is L1
0(x) = 1. The normal-

ization constant can be found using Eq. ?? and shown to be equal to
C1,0 = 2(Z/a0)

3/2. Thus, R1,0(r) is

R1,0(r) = 2
(

Z
a0

)3/2
e−

Zr
a0 (1.266)

As revealed by Figure ??, it is a node-less function.

https://mathworld.wolfram.com/AssociatedLaguerrePolynomial.html
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Figure 1.45: The radial probability
density (left) and the radial function
(right) for the 1s-orbital. From the
Wolfram Demonstrations Project.

Let us now find the radial probability density P(r) showing the
probability to find the electron at a distance r from the nucleus. Quite
generally, this probability is given by

P(r) =
∫ 2π

0

∫ π

0
r2|ψn,l,m(r, θ, φ)|2 sin(θ)dθdφ

=
∫ 2π

0

∫ π

0
r2|Rn,l(r)|2|Ym

l (θ, φ)|2 sin(θ)dθdφ

(1.267)

For l = 0, m is zero as well. The spherical harmonic function in
this case is constant, Y0

0 (θ, φ) = 1/2
√

π. Hence, the equation above
becomes

P(r) = r2|Rn,l(r)|2 (1.268)
In fact, Eq. ?? is valid for any angular
part because the spherical harmonics
are normalized, i.e.

∫
|Ym

l (θ, φ)|2dΩ =
1.

The radial density probability is as well shown in Figure ?? and, in
contrast to the radial function R1,0(r) passes through the maximum.
This reveals that the probability to find the electron at a certain dis-
tance from the nucleus is highest. In this regard, one may talk about
the (probability) shells around the nucleus which are analogues of
the classical orbits. The problem is, however, that the shells conven-
tionally understood as having no angular dependency, i.e. having
density distributed homogeneously over a spherical surface. For the
ground state n = 1 this is well fulfilled, while indeed the respective
spherical harmonics is constant, hence there is no angular depen-
dency. For higher ns, l is not necessary zero, then the term "shell"
will be misleading. Instead, one talks about orbital, such as s-orbital
for l = 0. Other orbital symbols are shown in Figure ??. To distin-
guish between the same orbital, but belonging to different n, conven-
tionally one adds the main quantum number in front of the orbital
symbol. Thus, 1s corresponds with the ground state, n = 1, l = 0,
and 2p is the state with n = 2, l = 1. The term "shell" is still used,
but for denoting the states with different main quantum numbers n.
The physical reason behind this notion will be addressed in one of
the subsequent sections, when we consider multi-electron systems.

Figure 1.46: Notion for the orbital with
different ls.

http://demonstrations.wolfram.com/HydrogenAtomRadialFunctions/
http://demonstrations.wolfram.com/HydrogenAtomRadialFunctions/
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It is instructive to evaluate the average distance ⟨r⟩ of the electron
from the nucleus and to compare it to the classical orbit radius. For
the ground state it is

⟨r⟩1,0 =
∫ ∞

0
4r3
(

Z
a0

)3
e−

2Zr
a0 dr =

3
2

a0

Z
(1.269)

i.e. 1.5 times longer than a0 as shown in Figure ??. What coincides
with the classical result a0 is, in fact, the maximum of P(r).

• E X E R C I S E 1.8. 1:
Find the position r where the electron is found with the highest
probability.

• The lowest excited state n = 2.

The first excited state is 4-fold degenerate with the possible (l, m)-
pairs (0,0), (1,-1), (1,0), and (1,1). Let us consider first the case of
l = 0, i.e. 2s-orbital or 2s-state. The Laguerre polynomial in this case
is L1

1(x) = 2 − x. To establish the radial function Rn,l(r) one needs to
find the normalization constant. Because we will repeatedly need to
find the normalization constants, we will derive a general equation
for Cn,l rather than seeking each time for a particular solution. For
this, we will use the following property of the Laguerre polynomials:

∫ ∞

0
xk+1e−x

[
Lk

z(x)
]2

dx =
(z + k)!

n!
(2z + k + 1) (1.270)

Let us introduce a variable x = 2Zr/a0n. With this new variable
Eq. ?? becomes

Rn,l(x) = Cn,l xl
(na0

2Z

)l
L2l+1

n−l−1(x)e−
x
2 (1.271)

Let us now apply Eq. ?? to find C2
n,l :

C2
n,l

(na0

2Z

)2l+3 ∫ ∞

0
x(2l+1)+1

[
L2l+1

n−l−1(x)
]2

e−xdx = 1 (1.272)

By comparing Eqs. ?? and ?? it follows that

C2
n,l =

(
2Z
na0

)2l+3 (n − l − 1)!
(n + l)!

1
2n

(1.273)

The normalization constant can now be found as C2
2,0 = (z/a0)

3/8
and the radial function results as

R2,0(r) =
1√
2

(
Z
a0

)3/2 (
1 − Zr

2a0

)
e−

Zr
2a0 (1.274)
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This radial functions together with radial probability density is
shown in Figure ??. It is seen that Rn,l(r) has one node, hence P(r)
has two peaks. The expectation value ⟨r⟩2,0 can be found using a
general equation

⟨r⟩n,l = n2a0

(
1 +

1
2

[
1 − l(l + 1)

n2

])
(1.275)

which is given here without proof.8 Alternatively, the Kramers 8 To obtain bonus points you may help
me with the most easy derivation of
Eq. ??, so that it may be included into
the lecture notes.

relation

b + 1
n2 ⟨rb⟩ − (2b + 1)a0⟨rb−1⟩+ b

4

[
(2l + 1)2 − b2

]
a2

0⟨rb−2⟩ = 0 (1.276)

can be used to evaluate ⟨rb⟩ for any b. Indeed, because ⟨r0⟩ and
⟨r−1⟩ are known (the latter is easy to find using the orthogonality
property of the Laguerre polynomials), the Kramers relation may be
used to find any average.

By applying either of them, ⟨r⟩2,0 can be shown to be equal to

Figure 1.47: The radial probability
density (left) and the radial function
(right) for the 2s-orbital. From the
Wolfram Demonstrations Project.

⟨r⟩2,0 = 6a0 (1.277)

Let us address now the 2p-orbital (n = 2, l = 1). The normal-
ization constant in this case is C2

2,1 = (z/a0)
5/24 and the Laguerre

polynomial is L3
0(x) = 1. The radial function thus is

R2,1(r) =
1√
24

(
Z
a0

)5/2
re−

Zr
2a0 (1.278)

Together with the density distribution it is shown in Figure ??. The
expectation value for r is found to be

⟨r⟩2,1 = 5a0 (1.279)

which is smaller than for the s-orbital.
By establishing the complete set of the wavefunctions, we are

ready now to address some physical properties of the hydrogen
atom.

http://demonstrations.wolfram.com/HydrogenAtomRadialFunctions/
http://demonstrations.wolfram.com/HydrogenAtomRadialFunctions/
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Figure 1.48: The radial probability
density (left) and the radial function
(right) for the 2p-orbital. From the
Wolfram Demonstrations Project.

• E X E R C I S E 1.8. 2:
Derive ⟨r0⟩ and ⟨r−1⟩ for the hydrogen atom.

http://demonstrations.wolfram.com/HydrogenAtomRadialFunctions/
http://demonstrations.wolfram.com/HydrogenAtomRadialFunctions/


80 experimental physics scripts

1.9 Magnetic properties of hydrogen atom

In the electrodynamics course we have seen that if a charged
object has an angular momentum, it will have as well the respective
magnetic pmoment. In the quantum mechanical description of the
hydrogen atom we have identified states with zero and non-zero
angular momenta. Let us address the magnetic properties of the
hydrogen atom in different states.

1.9.1 Magnetic moment

Figure 1.49: Charge moving on a closed
loop.

Let us refresh the classical picture of a charge q performing an orbital
motion (see Figure ??) and, in this way, find the operator for magnetic
moment. For a closed current loop with current I, with a particular
case being the orbital motion of an electron, the magnetic moment µ

is

µ = IA (1.280)

where A is the area vector, which is defined as

A =
1
2

∮
r × dr (1.281)

By combining these equations and by noting that I = dq/dt, one
finds

µ =
1

2m

∮
(r × p)dq =

q
2m

L (1.282)

Hence, the magnetic moment operator µ̂ is simply

µ̂ = γL̂ (1.283)

where γ = −e/2me is the gyromagnetic ratio for orbital electrons.
Thus, the magnetic moment has the same properties as the angular
momentum. It can have discrete magnitudes µ =

√
l(l + 1)γh̄ and

the projections

µz = γmh̄ = −mµB (1.284)

where µB = eh̄/2me= 9.274.. × 10−24 J/T is the Bohr magneton.
If to bring the atomic system in a magnetic field B0, it will acquire

an additional energy

UB = −µ · B0 (1.285)

due to interaction with the magnetic field. The total energy En,l,m
9 9 I indicate that energy may generally

depend on all three quantum numbers,
it will become apparent first in the next
section.

of the atom in magnetic field will be
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En,l,m = En + µBmB0 (1.286)

where En accounts for the Coulomb interaction only. Thus, degen-
eracy of the energy levels lifts up and they split into (2l + 1) levels.
This clarifies why the quantum number m is commonly referred to
as the magnetic quantum number. Splitting of the energy levels in
magnetic field is commonly referred to as the normal Zeeman effect
named after the Dutch physicist Pieter Zeeman.

1.9.2 Stern-Gerlach experiment, electron spin

Figure 1.50: Schematics of the Stern-
Gerlach experiment.

Already semi-classical description of atoms by Bohr and Sommerfeld
predicted space quantization of the angular momentum, hence mag-
netic moment. The experiment by Otto Stern and Walther Gerlach
in 1922 was designed to test this hypothesis. The schematics in Fig-
ure ?? reveals the simple idea of the experiment. A beam of atoms
emitted from an oven is let to pass a region with a magnetic field.
The poles of the magnet are constructed in a way that the magnetic
field produced is spatially strongly inhomogeneous. The latter is
needed to excert a force on the atoms possessing magnetic moments.
Without magnetic field, the atoms will hit a screen behind and form
a spot due to a natural broadening of the beam. By applying inho-
mogeneous magnetic field the spot should broaden further. In the
classical scenario, the spot profile should vary monotonically, while
the quantum scenario predicts splitting of the spot into 2l + 1 regions
of higher intensity.

In some more details the classical analysis may be performed as
follows. The total force acting on the magnetic moment is

F = (µ · ∇)B (1.287)

Let us inspect the z-component of the force:

Fz = µx
∂Bz

∂x
+ µy

∂Bz

∂y
+ µz

∂Bz

∂z
(1.288)

With the thermal velocities of the order of hundreds meters per
second and with the extension of the magnet of tens of centimeters,
the flight time t f of the atoms through the magnetic field region is of
the order of 10−4 m/s. From the electrodynamics course, magnetic
moment placed in a magnetic field performs precessional motion
about the magnetic field axis with the Larmor frequency Ω of

Ω = γB = − e
2me

B (1.289)

https://www.nobelprize.org/prizes/physics/1902/zeeman/facts/
https://www.nobelprize.org/prizes/physics/1943/stern/biographical/
https://en.wikipedia.org/wiki/Walther_Gerlach
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For a moderate magnetic field of about 1 T, Ω ∼ 1011 Hz. That
means that during t f the magnetic momentum performs many thou-
sands of revolutions about z-axis. Hence only the last term on RHS of
Eq. ?? is non-zero. It will cause the broadening of the beam along z-
axis. Because in classical scenario the magnetic moments are isotropi-
cally distributed, the spot profile is homogeneous.

On the other hand, in quantum scenario the direction of the mag-
netic field is the natural quantization axis. Thus, µz can assume only
(2l + 1) quantized values mµB, where −l < m < l. Thus, the beam
profile should be affected along z-axis. The other two components
µx and µy are undefined, i.e. may assume any values and thus be-
come averaged out to zero. In full accord with the second scenario,
the experiments yielded splitting of the initial beam profile into sev-
eral ones along z-axis. Although the experiment have proven the
quantization of the magnetic moment, they also led to critical con-
tradictions with theory. Thus, the original work done by Otto and
Gerlach, where they have used silver atoms10, revealed two peaks 10 Silver atom has one electron in its

outer shell, so in this experiment it
may be treated as an analogue of the
hydrogen atom. This will become
apparent when we consider multi-
electron systems.

in the beam profile. Later, similar experiments with hydrogen also
resulted in two peaks. Note, the quantum-mechanical prediction is
always odd number irrespective of n!

This puzzle has been solved later when it was realized that, in the
experiments, the silver and hydrogen atoms were in their ground 1s-
states. Respectively, there atoms posses zero magnetic moment and
no additional broadening in magnetic field should be expected at all.
This forced anticipating intrinsic angular momentum of the electrons,
so called electron spin s, which does not have a classical analogue. In
analogy with the orbital momentum case, the magnetic moment due
to spin is

µs = γss (1.290)

and

µs,z = γsms h̄ (1.291)

The spin operator ŝ subject to the same rules and have the same
properties as the angular momentum operator L̂ subject to the same
rules Because in the experiment with hydrogen only two peaks were
observed, this suggests that ms assumes only two values and 2s +
1=2. The electron spin is found thus equal to 1/2. The gyromagnetic
ratio for a free-standing electron γs is twice of the orbital electron, i.e.
γs = 2γ.

Commonly, Eq. ?? is generalized by introducing the g-factor:

µz = gmµB (1.292)
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In this form, it is applicable for any objects, such as for free elec-
trons (ge ≈ −2) 11, for orbital electrons (g ≈ −1), for free standing 11 More accurately, g = −2.0023... due to

a relativistic correctionprotons (g ≈ 5.6), and so on.

1.9.3 Atomic transitions

Figure 1.51: Allowed 3d-2p transitions
in hydrogen atom.

Let us now address the atomic transitions with emission or absorb-
tion of photons in the presence of a magnetic field. First of all, these
are transitions between the levels with different n. Let us consider,
e.g., the transitions between 3d and 2p states as shown in Figure ??.
The 3d state is characterized by l = 2, hence the energy level splits
into 5 lines, while for 2p sate into 3 lines. In fact, there are 15 differ-
ent transition pathways between these energy levels. However, in
the experiment one would obtain only 9 spectral lines corresponding
with the 3d-2p transitions.

What limits the number of transitions to only 9 is called the se-
lection rule. Its physical origin is related to the conversation of the
angular momentum, which obviously must be satisfied also in quan-
tum physics. If photon were the angular momentum-less particles,
we would not have any limitations, but it turns out that the emit-
ted photons carry some portion of the atomic angular momentum
with. Without going into details, which are outside of the scopes of
this course, the photons also have an intrinsic angular momentum,
spin. In contrast to electrons, spin-1/2 particles, the photon spin
is 1. Formally, its projection may have three values. In reality, only
two of them sz = 1 and sz = −1 are realized. The only physically-
meaningful quantization axis for photons is their propagation axis. In
this regards, sz = 1 is the projection onto the direction of propaga-
tion, and sz = −1 onto opposite direction. Also, this means that these
are circularly left- and right-polarized photons, respectively.

Because the photon spin is 1, it carries an angular momentum
h̄ with. If atom emits a photon, its energy changes by h̄ω. On the
other hand, the angular momentum reduces by h̄. For the angu-
lar momenta one should consider their vector character. Moreover,
the atomic total angular momentum is contributed by both orbital
momentum and electron spin. How the angular momentum conser-
vation works in this case and how it results in the respective selection
rules will be considered in one of the subsequent sections, ??. Here
we only mention that, for the magnetic quantum number m, the an-
gular momentum conservation requires that m can change by

∆m = 0,±1 (1.293)

By referring to the example on Figure ?? we started to analyze, it
turns out that only 9 indicated transitions are allowed by the selec-
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tion rules.
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1.10 Spin-orbit coupling, fine structure

Even simplest atomic system, which is hydrogen atom, posesses
two angular momenta, the orbital one and electron spin. Intuitively,
the two should interact and this interaction should result in a more
complex behavior than we have discussed in the preceding section.
Indeed, this interaction, generally referred to as spin-orbit coupling,
has very important implication for many physical processes and
will now be discussed in some details. We will show, in particular,
that this interaction leads to a fine structure in the energy spectrum.
Afterwards, we discuss some other effects affecting the atomic energy
levels.

1.10.1 Spin-orbit coupling

Figure 1.52: Magnetic field due to
orbital motion of electron.

Before deriving the energy diagram using quantum-mechanical
approach, let us conceptualize the phenomenon from the classical
perspective as shown in Figure ??. From the point of view of the elec-
tron, the proton moves on a circle of radius r around the electron,
forming the current loop. Hence, the proton will create a magnetic
field at the position of the electron. Let us find this field B by apply-
ing the Biot-Savart law:

B(r′) =
µ0

4π

∮ Ids × r′

r3 =
µ0e

4πmer3 L (1.294)

where L is the angular momentum due to the electron orbital
motion. The RHS in this equation follows from the analogue with
Eqs. ?? and ??. It is thus apparent that the magnetic field experienced In deriving Eq. ?? note that r = −r′ and

the velocities of the electron and proton
are in opposite directions.

by the electron due to its orbital motion around the nucleus is paral-
lel with its angular momentum. Because of the electron spin, result-
ing in the magnetic moment, the atom will have additional potential
energy12 12 The extra coefficient 1/2 is a rela-

tivistic correction introduced here by
hand.

U = −µ · B =
1
2

µ0e2

4πm2
e r3 (s · L) (1.295)

In the latter equation γs = −e/me has been used. This equation
reveals that the energy levels of the free hydrogen atom depend not
only on n, but on l and s as well.

A more general version of Eq. ?? can be obtained by noting that
magnetic field seen by a particle moving with a velocity v in an elec-
tric field E:

B = − 1
c2 v × E (1.296)

For spherically-symmetric electric potentials VE, then



86 experimental physics scripts

E = −∂VE
∂r

r
r

(1.297)

and the magnetic field results as

B =
v × r
rc2

∂VE
∂r

= − 1
merc2

∂VE
∂r

L (1.298)

With the Coulomb electric potential, as for the hydrogen atom, the
same result, Eq. ??, is obtained.

Let as establish the exact energy diagram by explicitly evaluating
the dot product (s · L). To do this, it is useful first to introduce the to-
tal angular momentum J = L + s. Because the orbital momentum and
spin are independent from each other, i.e. they are no correlations
in their directions, the total wavefunction ψ can be expressed as the
product ψsψL of two wavefunctions describing separately the orbital
and spin states. Let us now find the eigenvalues of the Ĵz operator:

ĴzψsψL = (L̂z + ŝz)ψsψL = (ml + ms)ψsψL (1.299)

where −l ≤ ml ≤ l and −1/2 ≤ ms ≤ 1/2. On the other hand,

ĴzψsψL = mjψsψL (1.300)

By comparing the two equations it follows that mj = ml ± 1/2 and,
because j = max(mj),

j = l ± 1/2 (1.301)

The dot product we are looking for can now be found by consider-
ing the square of the total angular momentum vector:

J2 = L2 + s2 + 2s · L (1.302)

Because the eigenvalues of the respective operators are given by
Eq. ??,

s · L =
h̄2

2
(j(j + 1)− l(l + 1)− s(s + 1)) (1.303)

1.10.2 Fine structure

The energy levels for an atomic system with the spin-orbit interac-
tion, so-called fine structure, are found thus to be

En,l,j = En +
a
2
(j(j + 1)− l(l + 1)− s(s + 1)) (1.304)

where a is the spin-orbit coupling.13 This equation results as the 13 Z is included to cover also ions.

Coulomb interaction energy En complemented by the magnetic inter-
action energy, Eq. ??, in which the product s · L is given by Eq. ??.
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a =
µ0Ze2h̄2

8πm2
e r3 (1.305)

Figure 1.53: Splitting of 2p-state due to
spin-orbit coupling.

Note that a is a function of the radius r, therefore of n and l. Be-
fore we take this dependency explicitly into account, let us consider
first an example to see how the splitting of the energy levels due
to spin-orbit coupling looks like. Let us consider 2p-orbital, so that
l = 1. According to Eq. ?? j takes two values, j = 1/2 and j = 3/2.
With this values, the respective energy levels result as

E2,1,1/2 = En − a (1.306)

E2,1,3/2 = En + a/2 (1.307)

The respective energy levels are shown in Figure ?? together with
the symbolic convention 2s+1 Aj, where A are the capitalized orbital
symbols from Figure ??, for denoting the states with different l and s
and with their different combinations j.

Now the specific dependency of the coupling constant a on the
quantum numbers can e evaluated. Because the radius r in Eq. ??
needs to be considered in statistical meaning, we shall evaluate ⟨a⟩
for a given state,

⟨a⟩ = µ0Ze2h̄2

8πm2
e

∫
r−3r2|Rn,l |2(r)dr (1.308)

Solutions for the expectation values of rk for different powers k
can be found elsewhere, for example in this work. According to the
results presented there,〈( a0

r

)3
〉

=
Z3

a3
0

1
n3l(l + 1)(l + 1/2)

(1.309)

where a0 is the Bohr radius. Alternatively, the Kramers relation,
Eq. ??, can be used to find ⟨r−3⟩Further, ⟨a⟩ can be evaluated to

⟨a⟩ = −En
Z2α2

nl(l + 1)(l + 1/2)
(1.310)

where a new constant α = e2/(4πϵ0h̄c) ≈ 1/137, generally referred
to as the fine structure constant, has been introduced.

The reason why this splitting is called fine structure, can be real-
ized by calculating the energy difference ∆E between the levels with
different j. Thus, for a given l, these are the states with j = l + 1/2
and j = l − 1/2. From Eq. ?? it follows that

∆E = En,l,l+1/2 − En,l,l−1/2 = ⟨a⟩
(

l +
1
2

)
(1.311)

https://bloch.physgeo.uni-leipzig.de/download/0/0/1907243399/c49316bffe7e254e916983848508c23a79c996f6/fileadmin/exp2.physgeo.uni-leipzig.de/amr/uploads/dokumente/EXP_4_LectureNotes/ExpValPowerR.pdf
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Subsequently,

∆E = −En
Z2α2

nl(l + 1)
≈ −5.3 × 10−5 Z2En

nl(l + 1)
(1.312)

Thus, for the hydrogen atom this splitting is only about 10−5 frac-
tion of the energy due to the Coulomb interaction.

• E X E R C I S E 1.10. 1:
Prove Eqs. ?? and ??.

• E X E R C I S E 1.10. 2:
Explain from the classical perspective why the energy splitting
due to spin-orbit coupling decreases with increasing the angular
momentum quantum number l.

1.10.3 Relativistic correction

Figure 1.54: Fine splitting (middle
panel) of the degenerate Coulomb
energy levels (left panel) for n = 2 and
l = 1 due to spin-orbit coupling. The
right panel shows further alternation of
the energy levels if the relativistic mass
correction is accounted for.

Figure ?? shows the energy levels for the state with n = 2 which
are 8-fold degenerate if only the electrostatic interaction is consid-
ered. Spin-orbit interaction causes lifting up the degeneracy so that
three energy levels are predicted following Eq. ??. In reality, how-
ever, only two energy levels are observed in experiment. The reason The Lamb shift is neglected here.

for this discrepancy is that in all derivation presented so far the rel-
ativistic effects were neglected. Keeping in mind some unrealistic
estimates for the speeds of electrons on atomic orbits by using the
concepts of classical mechanics, it is clear that relativistic effects need
to be accounted for. Let us outline in this section an approach to
correct the results obtained earlier for the relativistic effects.

The energy-momentum relation relates the total relativistic energy
Er of a particle to ist momentum and the rest mass m0 as

E2
r = p2c2 + m2

0c4 (1.313)
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Let us expand E in a series and consider only the first non-vanishing
term beyond the classical, non-relativistic part for the energy. By do-
ing so we may find the operator corresponding with the relativistic
correction to the energies obtained so far. With x = v/c, E is

Er = m0c2
√

1 + x2 ≈ m0c2
(

1 +
x2

2
− x4

8
+ O(x6)

)
(1.314)

Hence, the kinetic energy Ek,r = Er − m0c2 becomes a sum of
the classical kinetic energy Ek and first non-vanishing relativistic
correction Erl :

Ek,r =
1
2

m0v2 +
1
8

m0v4

c2 (1.315)

Thus, the respective operator is

Êrl =
1
8

p̂4

m3
0c2

(1.316)

Its eigenvalue Erl is found as usually as

Erl =
1

8m3
0c2

∫
ψ∗

n,l,m,s p̂4ψn,l,m,sdV (1.317)

It is impractical to evaluate the integral directly by considering the
general form for the wave function and by performing mathematical
operations encoded in the operator. Instead, one may express the
momentum operator as follows:

p̂2 = 2m0
(
Ê − Û

)
(1.318)

where E is the total non-relativistic energy and U is the potential
(Coulomb) field. Thus, Erl is found by evaluating

Erl =
1

2m0c2

∫
ψ∗ (Ê − Û

)2
ψψdV (1.319)

which results in

Erl =
1

2m0c2

(
E2 − 2E⟨U⟩+ ⟨U2⟩

)
(1.320)

With U = −Ze2/kr, < r−1 >= (n2a0)
−1, and < r−2 >= ((l +

1/2)n3a2
0)

−1 one after some lengthy mathematics finds

Erl = −E
Z2e2

n

(
3

4n
− 1

l + 1/2

)
(1.321)

Finally, all Coulomb energy levels En due to relativistic effects
become also a function of the angular momentum quantum number l
as
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En,l = En

(
1 − Z2e2

n

(
3

4n
− 1

l + 1/2

))
(1.322)

Jointly with the spin-orbit coupling, the energy spectrum becomes
a combination of Eqs. ?? and ??, i.e. En in Eq. ?? need to be replaced
by that given by Eqs. ??. Interestingly, the final equation for the
hydrogen-like atoms with s = 1/2 and j = l ± 1/2 can be simpli-
fied further to result in the energies depending on only two quantum
numbers n and j:

En,j = En

(
1 − Z2e2

n

(
3

4n
− 1

j + 1/2

))
(1.323)

It turns out that the total angular momentum, as quantified by
j, plays now the role of the orbital momentum in Eq.??. The energy
levels become degenerate with regard to l, i.e. for the same n and
j but different l the energies will be identical. As an example, one
may refer to the state 2P1/2 and 2S1/2. This is, however, true only
for hydrogen-like systems. Note also that the larger j, the larger is
energy of the atomic system.

• E X E R C I S E 1.10. 3:
What are the degeneracies of the energy levels in the middle panel
of Figure ???

• E X E R C I S E 1.10. 4:
Prove Eq. ??.

1.10.4 The strong- and weak-field Zeeman effects

With the results of the preceding section, we can now generalize
behavior of the spin-orbit coupled systems in the externally applied
magnetic fields. The operator Ĥ f representing the interaction energy
of the electron spin with the magnetic fields resulting due to orbital
motion and applied field commonly assumed to be along z-direction
is

Ĥ f =
a

2h̄2 (Ĵ
2 − L̂2 − Ŝ2)− γB0(L̂z + 2Ŝz) (1.324)

Now we may separately treat two different situations of the strong
and weak applied magnetic fields. In the former case, the second
term (we denote it as Ĥe) on the RHS of Eq. ?? notably exceeds the
first one (denoted as Ĥo), i.e. the external field is stronger than the or-
bital field. In the latter case, the orbital field is larger than the applied
one.



atoms 91

• Strong field, normal Zeeman effect.

This situation is conceptually similar to that considered in Sec-
tion ??, except that now two magnetic moments contribute to split-
ting of the energy levels. The energy difference ∆E as compared to
the case of zero magnetic field is found as

Ĥeψ = ∆Eψ = (ml + 2ms)γB0h̄ψ (1.325)

Because −l ≤ ml ≤ l and −s ≤ ms ≤ s, there (2l + 1)(2s +
1) different combinations (vector sums of the respective momenta
vectors) possible. However, some of the combinations may yield the
same magnitudes, i.e. the respective energy levels may degenerate.
For example, if to consider l = 1, the sum ml + 2ms may result
in -2, -1, 0, 0, 1, and 2. We see here that ml + 2ms = 0 is doubly
degenerate. Thus, taking account of the electron spin results in the
fivefold splitting of the energy level corresponding to l = 1. Note
the contrast to splitting into only three levels if the spin state was not
accounted for.

• Weak field, anomalous Zeeman effect.

Figure 1.55: Total angular and magnetic
momenta.

What makes the analysis in this case complicated is the follow-
ing. Normally, the magnetic moment and the angular momentum
are either parallel or anti-parallel to each other. In this case, when
placed in a magnetic field B0∥z, there will be a force on the magnetic
moment. Because of the conservation of angular momentum L, this
force causes precession of L about z−axis. The same is true for the
respective magnetic moment µ, because it is simply collinear with L.
The projection of bmµ onto z-axis is then well defined and is given by
Eq. ??. From the quantum-mechanical point of view, the projection of
bmµ on the angular momentum direction is equal to its magnitude
µ. Hence, its projection onto z−axis is −mµB. The two other compo-
nents of µ perpendicular to z-axis are undefined, which is analogue
of precession in the classical scenario.

For a spin-orbit coupled system, the total angular momentum J =

L + S is not collinear with the total magnetic moment µJ = µL + 2µS

because of the difference in the gyromagnetic ratios. Schematically,
this is shown in Figure ??. Hence, first of all the projection µJ,J onto
the direction of J does not coincide with the magnitude of µJ . Sec-
ondly, the two orthogonal components of µJ⊥J are undefined. In
classical scenario one would say that µJ precesses about J. Being un-
defined, over time this perpendicular component of µJ averages out
to zero. Thus, the projection µJ,z of µJ onto z-axis is still given by
equation similar to Eq. ??, but with the magnitude corresponding
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with the projection µJ,J and not the whole magnitude µJ . One may
refer to µJ,J also as to the average ⟨µJ⟩.

Let us find first ⟨µJ⟩ and use it further for deriving the energy
levels. It is seen from Figure ?? that

⟨µJ⟩ = −
µJ · J

J2 J (1.326)

This equation expresses both the magnitude and direction of the
quantity we are looking for. In this particular form it is convenient
for the term in front of J represents the gyromagnetic ratio associated
with the total angular momentum. This can be seen by comparing
Eq. ?? with

⟨µJ⟩ = γJJ = gJ
µB
h̄

J (1.327)

where gJ is the g−factor for the total angular momentum. The
magnitude of g can be found by comparing Eq. ?? with the eigenval-
ues of the ⟨µJ⟩ operator

⟨µ̂J⟩ = −
µ̂J · Ĵ

J2 Ĵ (1.328)

µ̂J · Ĵ can be found as

µ̂J · Ĵ = γ(L̂ + 2Ŝ) · (L̂ + Ŝ) = γ(L̂2 + 2Ŝ2 + 3L̂ · Ŝ) (1.329)

with its eigenvalues being

µ̂J · Ĵψ =
1
2

γh̄2 (3j(j + 1)− l(l + 1) + s(s + 1))ψ (1.330)

By comparing Eqs. ??, ?? and ??, the g-factor gJ for total angular
momentum is found to be Note that for electron µB = −γh̄

gJ = −
(

1 +
j(j + 1)− l(l + 1) + s(s + 1)

2j(j + 1)

)
(1.331)

Finally, the energy levels for the spin-orbit coupled systems in
weak magnetic fields can be found by combining the Coulomb inter-
action energy with U = −µJ · B0:

En,l,j = En − gJmjµBB0 (1.332)

• E X E R C I S E 1.10. 5:
Check Eq.?? for s = 0 (orbital electron) and for l = 0 (spin).
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1.11 Selection rules

In the last sections the atomic energy levels due to different in-
teractions have been analyzed. Experimentally, however, these are
not the energy levels but transitions between them are commonly
measured by detecting the photons emitted or absorbed during the
transition. As we have already shortly discussed, not all transitions
are allowed, i.e. transitions between some energy levels are forbid-
den. Let us discuss in more details the so-called selection rules iden-
tifying the transition allowed. For doing this, we will first follow the
quantum-mechanical route and then find the classical analogue of the
selection rules resulting.

1.11.1 Time-dependent Schrödinger equation

So far we have been interested in finding the stationary state solu-
tions for the Schrödinger equation. Clearly, in stationary states atoms
cannot either emit or absorb energy. If we look at a perturbed atomic
system, it may be described by a linear superposition of the station-
ary states,

Ψ(r, t) = C1Ψ1(r, t) + C2Ψ2(r, t) (1.333)

As we have seen earlier |Ψ(r, t)|2 will contain an off-diagonal
matrix terms of type

C1C2ψ1(r)ψ∗
2 (r) exp

{
−i

(E2 − E1)t
h̄

}
(1.334)

describing an oscillatory behavior of the electron density with the
frequency ω12 = (E2 − E1)/h̄. This might be seen as an oscillating
charge density or dipole or an electric dipole responsible for radia-
tion of the EMWs. Whether or not the cross-term results in the dipole
depends on the system symmetry as encoded in the respective wave-
functions. That means that the off-diagonal terms can be zero, then
these transitions are forbidden, or non-zero, signaling about the al-
lowed transitions. The rules behind are commonly referred to as the
selection rules.

1.11.2 Selection rules

As just discussed, for having radiation a dipole p = −er needs to
be created during a transition from state labeled with the index i to
state k. Let us inspect more closely the matrix element (for the sake of
simplicity I omit −e)
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Mik =
∫

Ψ∗
i rΨkdV (1.335)

It is fully determined by the only spatial part, Rn,l(r)Θm
l (θ)e

imφ,
of the respective wavefunctions. The z-component of Mik, i.e. of the To spare space here we use Θm

l (θ) ≡
Pm

l (cos(θ)) for the Legendre polynomi-
als.

dipole moment, is

(Mik)z =
∫ ∞

0
r3RiRkdr

∫ π

0
Θmi

li
Θmk

lk
sin(θ) cos(θ)dθ

∫ 2π

0
ei(mk−mi)φdφ

(1.336)

Figure 1.56: Light polarizations for
Zeeman effect.

Thus, if we are interested in a linearly-polarized light with the
electric field vector along z-axis, then the necessary condition for the
emission of such EMWs or photons is ∆m = 0. A good example
for this is the optical Zeeman effect covered at the end of the optics
course and schematically presented in Figure ??. A light source is
due to decay of an atomic system from the excited to ground state.
It is placed in a magnetic field with a natural quantization axis along
the magnetic field. The light probed perpendicular to the magnetic
field direction has linear polarization because only z-component of
the dipole matrix contributes to its formation.

• E X A M P L E 1 . 1 1 . 1 :
We have mentioned earlier (see Section ??) that photons have ei-
ther left- or right circular polarisations. What the linear polariza-
tion corresponds with?

solution:
Linear polarization results as a linear superposition of the two
circularly polarized lights.

What are the conditions for the occurrence of the circularly polar-
ized emission? Recall that, for circular polarization, the electric field
vector is E± = Ex ± iEy. Hence we need to consider a combination of
the dipole matrix elements (Mik)cp = (Mik)x ± i(Mik)y, which can be
shown to be

(Mik)cp =
∫ ∞

0
r3RiRkdr

∫ π

0
Θmi

li
Θmk

lk
sin2(θ)dθ

∫ 2π

0
ei(mk−mi±1)φdφ

(1.337)
Thus, (Mik)cp is non-zero if only ∆m = ±1. By referring to the

example in Figure ??, it is seen that indeed in the direction collinera
with the magnetic field direction the photons emitted are circularly
polarized.

• E X E R C I S E 1.11. 1:
Prove Eq. ??.
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So far, the only third integral in Eqs. ?? and ?? has been inspected.
Let us consider under which conditions the second integral in these
equations will be non-zero. This can be done by directly evaluating
the integral. However, there is a more general and less demanding
way to establish it based on the parity property. The idea behind is If a function does not change the sign

upon inverting sign of the variable(s),
f (x) = f (−x), the function said to have
an even parity (+). If f (x) = − f (−x),
then it has odd parity (-).

that integral of a function, symmetric upon sign inversion, is zero.
Let us inspect the integral in Eq. ??. It contains, first of all, the coor-
dinate operator. Because the coordinate operator is the coordinate
itself, it is clear that the operator has odd parity, r = −(−r). Hence,
in order for the whole integral to be non-zero, the product of two
wavefunctions needs as well to have odd parity. Respectively, the two
wavefunctions ψi(r) and ψk(r) should have different parities. In the
spherical coordinate system, the wavefunction is the product of radial
and angular parts, hence the parity is given by that of the spherical
harmonics function.

In terms of spherical angles, sign change means a transforma-
tion θ, φ → π − θ, π + φ. Because Pm

l (−x) = (−1)l+mPm
l (x) and

parity of e−imφ is (−1)m, it turns out that the wavefunction has par-
ity (−1)l+2m = (−1)l . Hence, formally the integral is non-zero if
∆l = ±1,±3, ... But let us inspect whether further restrictions apply
to this list.14 For this, the second integrals in Eqs. ?? and ?? need to 14 Because photon has angular mo-

mentum h̄, it is intuitively clear that ∆l
cannot be larger than 1.

be inspected more closely. The former one is

∫ π

0
Θm

li Θm
lk

sin(θ) cos(θ)dθ ∝
∫ 1

−1
Pm

li (x)Pm
lk
(x)xdx (1.338)

In this equation the indexes for m were omitted because of the
respective selection rule ∆m = 0 obtained earlier. By using the recur-
rence relation

xPm
l (x) =

l − m + 1
2l + 1

Pm
l+1(x) +

l + m
2l + 1

Pm
l−1(x) (1.339)

it is seen that the integral on the RHS of Eq. ?? is represented by
the sum

∫ 1

−1

(
C1Pm

li (x)Pm
lk+1(x) + C2Pm

li (x)Pm
lk−1(x)

)
dx (1.340)

Due to the orthogonality of the Legendre polynomials, the latter
integral is non-zero if only li = lk ± 1 or ∆l = ±1.

In a similar way, Eq. ?? can be analyzed. Here, the integral to
consider is

∫ π

0
Θm+1

li
Θm

lk
sin2(θ)dθ ∝

∫ 1

−1
Pm+1

li
(x)Pm

lk
(x)
√

1 − x2dx (1.341)

Once again, we have used the fact that, for this case, ∆m = ±1. By
using the recurrence relation
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√
1 − x2Pm

l (x) =
−1

2l + 1

(
Pm+1

l+1 (x)− Pm+1
l−1 (x)

)
(1.342)

it can be shown that the same condition ∆l = ±1 results for the
integral to be non-zero.

To conclude this section, quite generally, the transitions between
different energy levels are allowed if only the following conditions
are fulfilled:

∆m = 0,±1

∆l = ±1
(1.343)

Depending on the change in m the resulting photon will have
different polarizations. This is valid as for spontaneous emission as
well as for absorption.

In the preceding discussion we have explicitly used l and ml which
is typically refer to the orbital angular momentum. However, the
total angular momentum of the electrons has both orbital and spin
components. Should not we rather consider J? Formally, the an-
swer is yes. But it turns out that the spin state is not involved in the
dipolar transitions considered, at least in the optical range of the
wavelengths. Indeed, emission/absorption of photons during these
transitions is caused by spatial oscillations of the charge density and
it is intuitively clear that they are irrespective of the spin state. In
other word, the spin state does not change during transition and the
spin selection rule ∆s = 0. In this respect, it is equivalent of consider-
ing either total or only orbital angular momenta.

1.11.3 Angular momentum conversation

Figure 1.57: Vector sum for the angular
momenta upon emitting photon.

The same analysis can be performed using the classical arguments,
namely conservation of the angular momentum. Because the pho-
ton spin is 1, it carries an angular momentum h̄ with. If atom emits
a photon, its energy changes by h̄ω. On the other hand, the angular
momentum reduces by h̄. For the angular momenta one should con-
sider their vector character. If the angular momenta before and after
emission were J and J′, respectively, then J = J′ + s, where s is the
angular momentum vector of the emitted photon (see Figure ??). Let
us consider first the case J ≥ J′ and such, that they both are non-
zero. In terms of the vector magnitudes, this means that J ≤ J′ + s.
If expressed via the eigenvalues of the respective square angular
momenta operators, this inequality can be written as√

j(j + 1) ≤
√

j′(j′ + 1) +
√

s(s + 1) (1.344)
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Let us introduce the difference ∆j as j = j′ + ∆j. Clearly, according
to this definition ∆j can be either zero or a positive number. By tak-
ing square on both sides of Eq. ?? and by using s = 1, Eq. ?? can be
rewritten as

∆j2 + ∆j(2j′ + 1)− 2 ≤ 2
√

2j′(j′ + 1) (1.345)

It is easy check by direct substitution that this inequality is ful-
filled if only ∆j = 0 or ∆j = 1. For larger ∆j it fails. Similarly, it can
be shown that for J′ ≥ J the angular momentum is conserved if only
∆j = 0 or ∆j = −1. In the case when one of the angular momenta J or
J′ is zero, the conservation law is fulfilled if only ∆j = ±1. Combin-
ing them, the conservation law for the angular momentum quantum
number j states that atomic transitions with emission or absorbtion of
photon are only possible if Note the exception: transition ∆j = 0

between two states with both zero total
angular momenta is not allowed.

∆j = 0,±1 (1.346)

Recalling that the spin state does not change during the transition,
the same rules can be reformulated for l. Thus, we have properly
obtained two allowed transitions with ∆l = ±1, however, ∆l =

0 apparently contradicts the conclusions of the preceding section.
Indeed, this controversy is only apparent. As it will be discussed
later, the result ∆j = 0 is applicable for atomic systems with more
than one valency electrons. We have, however, so far considered the
hydrogen atom with only one electron for which ∆l = 0 is excluded
by the parity consideration.

1.11.4 Optical transitions

Figure 1.58: Sodium emission spectrum.

To exemplify the analysis done, let us consider the sodium emis-
sion spectrum in the visible range as shown in Figure ??. Do not
wonder that we consider Na, which is a multi-electron system. By in-
specting the periodic table of elements, it turns out that Na is found
in the first column together with hydrogen. This means that Na has
only one electron in its outer shell, hence, as we will see in the next
section, the behavior of that electron is similar to that in the hydrogen
atom. To demonstrate how the selection rules explain the emission
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spectra, we consider transitions of the outer shell electron between
different energy levels.

Figure 1.59: Doublet transitions of the
principal series.

The most famous (most intense) is the sodium doublet with the
wavelengths of 588.99 and 589.59 nm (Figure ??). The doublet be-
longs to a series of the spectral lines referred to as the principal series.
They are caused by the transitions from the excited energy levels
with different n to the lowest 3s-orbital, 3s1/2. For the outer shell
electron, the lowest possible shell is with n = 3, hence it will also
be the ground state. As it was shown earlier, the only allowed tran-
sitions are such that ∆j = 0,±1 and ∆l = ±1, i.e. from p-orbital.
The doublet structure results due to the spin-orbit splitting of the
energy levels of p-orbital to the two with different combinations of
the orbital momentum and spin. For l = 1 the two possible states are
j = 1/2 and j = 3/2. The distance between the doublet components
resulting for the transitions from different n decreases with increas-
ing n. Indeed, the spin-orbit splitting is inversely proportional to n
according to Eq. ??. The most intense lines are those from 3p to 3s.
This is due to the Boltzmann law - the higher lying excited energy
levels are less occupied than the lower lying ones. Accordingly, the
line intensity will be proportional to the ratio of the occupations of
two levels,

Ni
Nk

=
gi
gk

exp
{
−Ei − Ek

kT

}
(1.347)

Here, Ei − Ek the energy difference between two levels and gi and
gk are the statistical weights of the levels. The statistical weights here
result due to different ways how a certain state can be realised. Thus,
for j = 1/2 there are two possibilities to align the spin, resulting in
mj = ±1/2. Thus, g in this case is 2. For j = 3/2, g = 4. Because the
emission spectra typically measured using large ensembles of atoms
in equilibrium, different states with equal energies will be equally
populated. Exactly for this reason, the 3p3/2 to 3s1/2 transition will
twice as strong as the transition 3p1/2 to 3s1/2.

Figure 1.60: Doublet transitions of the
sharp series.

Another series, also forming the doublets, is the sharp series (Fig-
ure ??). It results due to the transition from the upper lying s-orbital
to the first two excited energy levels, which are 3p1/2 and 3p3/2.
The strongest doublet in the visible range of light is with the wave-
lengths of 615.4 nm and 616.1 nm. Because the doublet structure is
determined by two energy levels associated with 3p1/2 and 3p3/2, the
distance between the doublet components in the series is constant.

The selection rules allow not only the transitions from the s-orbital
to 3p1/2 and 3p3/2, but also from d-orbital. The respective series
is called diffuse series (Figure ??). Because both energy levels are
complex, instead of doublets the series is found to be composed of
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triplets. Even thought there is four different combinations corre-
sponding with different transitions, one of them, namely that from
the state with j = 5/2 to the state with j = 1/2, is forbidden by
the selection rules. In the visible range, the triplet is found with the
wavelengths 568.263 nm, 568.81 nm and 568.820 nm. Because these
lines lye very close to each other, it demands optical devices with a
very high resolutions. The triplet was not easy to resolve, explaining
thus the name "diffuse" given.

Figure 1.61: Triplet transitions of the
diffuse series.
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1.12 Atoms with many electrons

So far, the hydrogen atom with one positively charged nucleus
and one electron has been considered. The results could also be di-
rectly extended to positively charged ions with only one electron and
the nucleus charge Ze. In what follows, we address more complex
situations with many electrons in the atomic shells. First, we consider
the helium atom to see the principal difficulties due to multi-body
character of the problem. Thereafter, we inspect more closely the
shell and derive some general properties based on the shell occu-
pations. This, in particular, will help us to treat the alkali systems,
in which the most outer shell will contain only one electron. And
finally, we address the building principles of the atoms.

1.12.1 Helium atom

Figure 1.62: Helium atom.

Quite generally and in analogy the multi-body problems considered
in mechanics, no closed-form analytical solution exists for the he-
lium atom involving three interacting objects, the positively charged
nucleus +2e and two electrons. The Hamiltonian of the problem in-
cludes the terms associated with the kinetic energies of two electrons,
their potential energies in the field of the nucleus, and the energy of
the electrostatic interaction between two electrons:

Ĥ = ∑
i=1,2

(
− h̄2

2m
∇2

i −
Zke2

ri

)
+

ke2

r12
(1.348)

In the last equation, r12 is the distance between two electrons. The
last term on the RHS disallows separating this equation into set of
two equations and using then the hydrogen-like solution with the
separated angular and radial wavefunctions. Recall, the latter re-
sulted due to the central character of Coulomb potential. Secondly,
this term cannot be seen as just a perturbation to the Hamiltonian,
which would for an accurate iterative solutions. In fact, the magni-
tude of this term can be comparable to other terms.

There is, however, an approximate way for treating this problem,
which is called the central field approximation. The idea behind is to
divide the electrostatic field seen by the electrons into the one which
is central plus the rest. Indeed, one may consider the projection of
the repulsion force between two electrons onto the axis connecting
the electron and nucleus and combine it with the force of attraction
between them. This part will constitute the cental field. The rest part,
due to the perpendicular component, can now be see as a perturba-
tion the central field. Thus the Hamiltonian for this problem becomes
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Ĥ = Ĥ0 + Ĥ1 (1.349)

where the central-field Hamiltonian is

Ĥ0 = ∑
i=1,2

(
− h̄2

2m
∇2

i + U(ri)

)
(1.350)

The Hamiltonian associated with the residual electrostatic interac-
tion is

Ĥ1 =
ke2

r12
− ∑

i=1,2

(
U(ri) +

Zke2

ri

)
(1.351)

The first one, Ĥ0 determines the main structure of the energy lev-
els depending on n and l, while Ĥ1 results in the splitting of the pri-
mary energy levels. This situation is analogous to what we have seen
in the hydrogen atom. By considering only the ecentral Coulomb
potential we have found some energy levels. Afterwards, we con-
sidered spin-orbit coupling which gave rise to a fine structure of the
levels. Here, the residual electrostatic interaction as well breaks the
symmetry and leads to some substructure. Obviously, the Hamilto-
nian Ĥ = Ĥ0 + Ĥ1 can further be complemented by other interaction
terms, such as spin-orbit coupling, interaction with externally applied
fields, etc. They will lead to further complication of the energy levels.

In this section we will confine ourselves in obtaining the primary
structure only due to Ĥ0. For this, we shall find an approximate for
the central field U(ri). It can be found by considering two limits of
ri → 0 and ri → ∞. In the former case, the electron is found close to
the nucleus "sees" a charge of the nucleus Ze. On the other hand, at
large separations the electron "sees" the nucleus charge Ze plus the
charge due to the second electron (Z − 1)e. Hence, for the helium
atom, one may approximate U(ri) with

U(r) = Ze f f (r)
ke
r

(1.352)

where Ze f f (r) varies from 2 for small r to 1 for large r. Effectively,
it may be rationalized as screening of the nucleus by the charge
cloud. Closer electron to nucleus is, weaker is the screening effect
and vice versa. The average Ze f f can be found by comparing the ex-
perimental ionization energy with the theoretical obtained by neglect-
ing the electron-electron interaction. With the ionization energy of
about 13.5 eV for the hydrogen atom, the one for helium would be
Z2 = 4 times larger, i.e. 54 eV. The experiments delivery, however,
the energy of about 25 eV only. This is due to the shielding effect of
the second electron and the electron sees an effective nucleus charge
Z ≈ 1.34.
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1.12.2 Atomic shells

We have mentioned several times atomic shells, but its meaning still
remained elusive. Let us now to consider in more details the proper-
ties of the orbital. The problem of the helium atom and central field
approximation just considered is a good starting point for that. The
idea with this approximation was to separate a spherically-symmetric
part and use the known solutions for the respective Schrödinger
equation. Recall now that s-orbital, i.e. the one characterised by l = 0,
has spherical symmetry. Thus, the nucleus and an electron in a state
with n = 1 should impose a spherical field for another electron. This
true not only for n = 1, but also for higher-energy s-orbital. The
only difference will be different shielding efficiencies for different n.
Indeed, with increasing n the electron probability density becomes
smeared over longer distances as shown in Figure ??.

Figure 1.63: Electron probability density
for s-orbital for different n.From the
Wolfram Demonstrations Project.

How the electrons in atoms occupy the energy levels available, we
will consider in the subsequent section. For the moment let us look
first whether such symmetries can be established for other orbital or
their collections.

Starting with n = 2, l may assume values different from 0. In this
case, for l > 0, the electron density distribution is not spherically
symmetric anymore. The angular part of the wavefunction depends
on both l and ml . As we have seen earlier, for a given n there is n2

different options for combining different states with different l and
ml . Let us sum up the probability densities of all possible states for
the given n. In other words, how the charge cloud density would
look like if, hypothetically, all states were populated by the electrons?
We are thus interested in evaluating the double sum

S =
n−1

∑
l=0

l

∑
ml=−l

|ψn,l,ml
|2 (1.353)

https://demonstrations.wolfram.com/ElectronProbabilityDistributionForTheHydrogenAtom/
https://demonstrations.wolfram.com/ElectronProbabilityDistributionForTheHydrogenAtom/
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where ψ is the wavefunction for the hydrogen-like atom. The an-
swer can easily be found bu using the closure relation for the spheri-
cal harmonics function:

l

∑
ml=−l

|Yml
l (θ, φ)|2 = (4π)−1(2l + 1) (1.354)

Figure 1.64: Square of the spherical
harmonics with l = 1 and different
m and their sum over m.From the
Wolfram Demonstrations Project.

The latter equation reveals that if all possible states for one orbital
are summed up, then the angular part sums up to a constant and
the angular dependency disappears. This is exemplified in Figure ??
for the case l = 1. Automatically, adding all orbital within one n
will result in the spherically symmetric solutions for S in Eq. ??. The
probabilities Dn(r) to find electron at a distance r from the nucleus,
which is

Dn(r) = 4πr2S (1.355)

are shown in Figure ?? for n = 1, 2, 3. It is seen that these prob-
abilities have maxima at certain distances. The electron clouds cor-
responding with these probabilities are thus smeared over different
spatial regions and are referred to as shells. The complete shells have
thus spherical symmetries. Similar distributions, but composed of
only orbital within shells, are often noted as sub-shells.

Figure 1.65: Probability Dn(r) to find
electron at distance r from the nucleus
for different n. From the Wolfram
Demonstrations Project.

1.12.3 Alkali metals

Suppose that one shell or several shells are completely filled with
the electrons and there is one more extra electron in the atom. Such

https://mathworld.wolfram.com/SphericalHarmonicClosureRelations.html
https://demonstrations.wolfram.com/UnsoeldsTheorem/
https://demonstrations.wolfram.com/UnsoeldsTheorem/
https://demonstrations.wolfram.com/GeneralizedUnsoeldTheoremForHydrogenicFunctions/
https://demonstrations.wolfram.com/GeneralizedUnsoeldTheoremForHydrogenicFunctions/
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situations are realized, as we will see later, in the alkali metals, like
sodium atom. From the perspective of the outer, so-called, valency
electron, the rest including nucleus form central field because of
their complete spherical symmetry. One should not forget, however,
that the valency electron interacts with other electrons. Due to their
repulsion, the spherical electron cloud in the shell(s) will loose its
spherical symmetry. One may model the resulting asymmetric charge
cloud as an electric dipole aligned along the valency electron-nucleus
axis. In this regard, we still may use the solution obtained earlier for
central field, in particular for the hydrogen atom, by adding one extra
term to the Hamiltonian representing interaction with the dipole.

Indeed, the potential energy of electrostatic interaction of the va-
lency electron with the nucleus and Z − 1 electrons is

U(r) = −Zke2

r
+

(Z − 1)ke2

r + b
(1.356)

where b ≪ r accounts for a slight shift of the center of the charge
cloud formed by the electrons due to the repulsive interaction with
the valency electron. Eq. ?? can be rearranged as

U(r) = − ke2

r
+

(
(Z − 1)ke2

r + b
− (Z − 1)ke2

r

)
= − ke2

r
− C′ ke2

r2 (1.357)

where C′ is a constant depending on Z and b. The last term in
this equation appears to be a dipole field correction to the hydrogen-
like electrostatic field due to the proton. One may now solve the
Schrödinger equation with this potential.

Let us directly start with Eq. ?? in which one extra term −C′q
results due to the dipole field:

∂

∂r

(
r2 ∂R(r)

∂r

)
=
(

β2r2 − qr − C′q + l(l + 1)
)

R(r) (1.358)

Because this additional term is constant, it can be combined with
l(l + 1). It is convenient to introduce a new term as l∗(l∗ + 1) =

l(l + 1)− C′q so that the resulting equation becomes similar to Eq. ??.
In this way, the solution outlined in Section ?? can directly be used.
To find the energy levels, let us consider the sum, Eq. ??,

n∗

∑
k=γ∗

ak

[
k(k − 1)rk−2 − 2βkrk−1 − l∗(l∗ + 1)rk−2 + qrk−1

]
= 0 (1.359)

In accord with earlier derivation γ∗ = l∗ + 1 which we prefer to
express as γ∗ = (l + 1) + (l∗ − l) = γ + (l∗ − l). Note now that
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n ∗ −γ∗ in Eq. ?? defines the number of nodes for the wavefunc-
tion. Obviously, this number should remain unchanged, only the
interaction energies can change, but not the system symmetry. Thus,
n − γ = n∗ − γ∗. By equating the leading term coefficient in Eq. ?? to
zero, one obtains the energy levels similar to Eq. ??, namely

E = −me

2

(
ke2

h̄

)2 1

(n − (l − l∗))2 (1.360)

Figure 1.66: Probability Dn(r) to find
electron at distance r from the nucleus
for different n and l.

Eq. ?? reveals that, in contrast to the hydrogen atom, modification
of the Coulomb interaction in alkali metals leads to the removal of
degeneracy of the atomic energy levels with respect to the angular
momentum quantum number l. This correction is represented by
l − l∗ referred to in the literature as the quantum defect.

Figure 1.67: Energy levels of alkali
metals as compared to that of the
hydrogen atom (dashed horizontal
lines). From Demtröder.

This dependency on l associated with the valency electron may
be rationalized by inspecting the wavefunctions with different l as
shown in Figure ??. It is seen that the probability to find the valency
electron relatively close to the nucleus is higher for lower l. Thus, l
determines how effective is shielding effect of the electrons forming
the shell(s) upon the valency electron. Closer the valency electron
may approach the nucleus, lower is the atomic energy. This is exem-
plified in Figure ?? showing the energy diagram for alkali metals.
The arrows demonstrate, in particular alterations of the energy levels
as compared to the hydrogen atom and the effect of l.

1.12.4 Building principles for atoms

Quite generally, total energy of an atomic system in the ground state
should be minimal. The question is how the electrons should be
packed in the atoms to yield the minimum? Even without rigorous
treatment, it is intuitively clear that all electrons cannot be situated
on the lowest-energy orbital, 1s, simply because electrons do not very
much like each other. Hence, in addition to the minimum energy
requirement we need a general build-up principle for the atoms. That
principle is called after Wolfgang Pauli and called Pauli exclusion
principle which says that one quantum state with identical n, l, ml ,
and ms cannot be occupied by two fermions, i.e. spin-1/2 particles
like electrons.

The exclusion principle in quantum mechanics is the consequence
of the fact that two identical particles, such as electrons or photons,
are indistinguishable in contrast to their classical analogues. Indeed,
let us consider a classical example by labeling two identical particles
at time zero and letting the system evolve. Given time t one finds two
particle and still has a chance to identify the particles by reversing
the velocities and tracing the trajectories back. Clearly this option is

https://www.nobelprize.org/prizes/physics/1945/summary/
https://www.nobelprize.org/prizes/physics/1945/summary/
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absent in the quantum-mechanical description operating with prob-
abilities only. Because the particles are indistinguishable, then if a
wavefunction ψα(q1)ψβ(q2), where α and β are two identical particles
and qi are generalized coordinates including, e.g., position and spin,
is solution of the Schrödinger equation, then ψβ(q1)ψα(q2) obtained
simply by exchanging particles will be solution as well. Because lin-
ear superpositions also are solutions, two linear combinations can be
realized

ψs = ψα(q1)ψβ(q2) + ψβ(q1)ψα(q2) (1.361)

ψa = ψα(q1)ψβ(q2)− ψβ(q1)ψα(q2) (1.362)

The first equation, which is symmetric, describes system of bosons,
integer-spin particles, and the second, asymmetric one, systems of
fermions. Thus, the total wavefunction for system of electrons should
always be asymmetric, i.e., change sign upon exchange of particles.
Indeed, otherwise the wave function ψa will be zero which does not
correspond with any state. In what follows, we will use this to help
in building up the periodic table of elements.

Figure 1.68: Filling the shells by elec-
trons. Two lines on the right side are
(upper) n2s+1 Aj and (lower) the com-
pleteness of the sub-shells. On the left
side the letter indicate the shells.

The first five elements are relatively straightforward to envision.
Helium will have two electrons in the 1s-orbital because even with
n = 1, l = 0, ml = 0 for both electrons, they may differ by their spin
wave functions for two states ms = ±1/2. Hence, two electrons are
tolerated by the exclusion principle. The state of the atom may be
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referred to as 11S0, showing that the total orbital angular momen-
tum L is zero, the total spin is zero leading to the spin multiplicity is The capital L, J and S will stand for the

total angular momenta.
1, and the total angular momentum is zero as well. For lithium the
state is 22S1/2. Here, the total spin S is 1/2 due to a single spin on 2s-
orbital. The total orbital angular momentum is still zero, but the total
angular momentum J is 1/2 due to the contribution of the valency
electron spin. Because the s-orbital is the most favorable and there is
still option to add second electron to this orbital, the fourth element,
beryllium, has the state 21S0. Once again, we have one shell and one
sub-shell completely filled with the electrons. Because of the closure
relation, see Eq. ??, it immediately follows that the total orbital angu-
lar momentum is zero. The total spin is zero as well, hence the total
angular momentum too.

The first problem is encountered with the boron atom, where there
is an uncertainty. Indeed, the orbital angular momentum and spin
can be combined to yield J = 1/2 or J = 3/2. This problem is solved
by referring to the total energy of the atomic system including the
relativistic correction as it has been discussed in Section ??: See for the derivation of Eq. ??

E = −|En,C|
[

1 +
Z2α2

n

(
1

j + 1/2
− 3

4n

)]
(1.363)

where En,C is the energy of Coulomb interaction only. Thus, min-
imizing J leads also to minimization of the total energy, hence the
ground state for the boron atom is 22P1/2. Physically, minimization of
J means that the orbital angular momentum and spin are selected to
be antiparallel. The spin-orbit interaction energy according to Eq. ??
is proportional to S · L, hence if S and L are antiparallel, then energy
lowers. Note that as far as no external magnetic field is applied, ml

can be any.

Figure 1.69: Symmetric and asymmetric
spatial parts of the wavefunction for
two electrons.

The carbon atom represents another puzzle. The sixth electron
may be assigned to have an opposite spin to the one already found
in the p-orbital and to have the same ml or, irrespective of ms, placed
to have differing ml . The answer to this puzzle is given by the first
Hund’s rule. This rule can be generally inferred from the antisym-
metry property of the total wavefunction, Eq.??, for two electrons in
the p-orbital. Because the spatial and spin (spin direction) coordi-
nates are independent, the wavefunction is given by the product of
two wavefunction associated with only the spin and with only the
spatial coordinates. Let us first consider what are the consequences
of having the spins for the two electrons considered parallel or an-
tiparallel. In the former case, the spin wavefunction is symmetric. In
order to the total wavfunction to be asymmetric, as required, the spa-
tial wavefunction must be then asymmetric. In contrast, asymmetry
of the spin wavefunction demands symmetric spatial wavefunction.

https://en.wikipedia.org/wiki/Friedrich_Hund
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If the spatial part of the wavefunction is asymmetric, i.e. changes its
sign upon exchanging the electron coordinates, it should necessarily
pass through zero at the origin (see Figure ??). In the symmetric case,
the wavefunctions associated with the individual electrons overlap.
The square of the wavefunction reflects the probabilities of finding
the electrons resulting thus in larger inter-electron separations if the
wavefunction is asymmetric and in shorter separations for the sym-
metric case. The former situation is energetically favorable and thus
the first Hund’s rule states that it is favorable to maximize the spin
multiplicity in filling the open atomic sub-shells. The first Hund’s rule - maximize the

spin multiplicity.For the carbon atom this rule means that we should have two
spins parallel configuration in the sub-shell. Now, two electrons with
parallel spins can be combined in pairs ml1, ml2 = −1, 0; 0, 1;−1, 1.
The resulting angular momentum l will have the respective projec-
tions ml = −1, 1, 0. ml = ±1 in this case is only possible with the
total orbital angular momentum l = 1. The state ml = 0 can be re-
alized with both l = 0 and l = 1. Which configuration to prefer?
The answer is given by the second Hund’s rule, which tells that the
state with the larger total orbital angular momentum is more favor-
able energetically. Indeed, to maximize the angular momentum two The second Hund’s rule - maximize the

orbital angular momentum.electrons should rotate in the same directions. Such combinations
allows to keep two electron apart from each other, while anti-rotating
electrons meet each other more frequently. Thus, it is l = 1 which
fulfills the second Hund’s rule.

Finally, the decision to be made is how to combine the total orbital
angular momentum and total spin. The third Hund’s rule says that,
for the sub-shell filled less than half, the same rule of minimization of
J discussed above applies (making spin and angular momentum an-
tiparallel minimizes energy). For the sub-shells which are filled more
than half, the opposite is valid, J should be maximized. Finally, with The third Hund’s rule - for less than

half filled sub-shells minimize the total
angular momentum, for more than half
filled - maximize.

all the rules fulfilled for carbon, its ground state appears to be 23P0.
The first Hund’s rule dictates the state of the next element, ni-

trogen, 24S3/2. Here, because in the open sub-shell all states with
different ml are equally occupied, the total orbital angular momen-
tum is zero and the total momentum has purely spin component.
For oxygen the application of the second part of the third Hund’s
rule yields the state 23P2. Here we maximize J by aligning the total
spin (1) and the total orbital angular momentum (1). Why, however,
J should be maximized or minimized depending on the filling of the
sub-levels? A hint for this can be found by comparing the ground
states of the carbon and oxygen atoms. Let us look at the carbon con-
figuration more closely. Let us assume that, with the two spins up 15 15 Spin up and spin down is a com-

monly used jargon for ms = ±1/2.configuration the states with ml = −1 and ml = 0 are occupied. This
yields L = 1. Adding one electron with ms = 1/2 and ml = 1 cancels



atoms 109

Figure 1.70: Filling the shells by elec-
trons from sodium to neon.

the total angular momentum (the nitrogen atom is formed). Adding
one more electron at the same position, i.e. with ms = −1/2 and
ml = 1 will result in L = 1, but in opposite direction as compared to
the carbon atom. Note, however, that the spin direction remained the
same. In this case this means that (S · L)carbon = −(S · L)oxygen. For
carbon, the energy minimization was achieved by ensuring different
directions of S and L, i.e. by minimizing J. In contrast, for oxygen the
energy minimization is achieved by maximizing J.

For the fluor atom the 22P3/2 state results by maximizing L and
J, i.e. by placing the next electron with ml = 0 and by aligning L∥S.
Neon another inert atom with the completed shell results automati-
cally with 21S0. This scheme for the progressive filling of the atomic
orbital can be continued further and nothing unexpected will happen
until the element with Z = 18, which is an inert atom argon. The
next element after argon to expect is the one with one valency elec-
tron in the 3d-orbital. Instead, however, the next element formed is
potassium with the valency electron in the 4s-orbital. Upon inspect-
ing Figure ?? several such instances can be found where the orbital
are filled not sequentially, but there are jumps leaving some orbital
first unfilled and filled later upon completing other orbital.

The reason for this is the energy minimization. When L becomes
sufficiently large, there is a competition between the energies of the
electrostatic interaction and rotational energy. It turns out that filling
first low-l orbital with higher n can be energetically more favorable
than increasing L. Note, that the rotational energy increases as L2,
which is responsible for breaking down the ideal filling scheme.

Final note to this section is that the state of the atoms determines
also their chemical properties which is reflected by the way how the
periodic table is typically presented. Thus the first column refers to
the alkali metals with only single valency s-electron and the com-
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Figure 1.71: Building the periodic table
of elements with green and blue arrows
exemplifying the exceptions in the
filling order. From Demtröder.
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plete shells otherwise. The valency electron in this case has relatively
low ionization energy. Hence the alkali elements are very chemically
active because the valency electron can readily be removed. On the
other hand, the inert atoms, the ones with completely filled shells,
are least chemically active. Similarly to alkali atoms, the atoms in the
column just before the inert atoms, so called halogens, are very ac-
tive. In contrast to alkali metals, they can readily accept one electron
to complete their outer shell. Worth noting also lanthanides, the ele-
ments from Z = 57 to Z = 71. They are obtained by filling the open
4 f sub-shell, while the upper lying in the diagram sub-shells which
are already filled remain unchanged. Because the chemical properties
are primarily dictated by outer electrons, the chemical properties of
the lanthanides are very similar.

1.12.5 Excited states of helium atom

To conclude the chapter, it will be instructive to consider the spec-
trum of the helium atom. Already with only one electron (let call it
electron 2) occupying the second shell, while the first found in the
1s-orbital, there are ∑n−1

l=0 (2s + 1)(2l + 1)=8 different options to real-
ize the system as shown in Table ??. Note that the spin multiplicity
2s + 1 is applicable here because there are no restrictions for the spin
state of the second electron. Three of the energy levels turn out to
be degenerate, i.e. have identical energies. This is the case when the
total orbital angular moment J = 1 couples with zero total spin S,
which can be realized with three different ml2 = 0,±1 not affecting
the total energy.

• E X E R C I S E 1.12. 1:
Obtain all states indicated in the last raw of Table ??.

Let us now trace all possible transitions occurring with emis-
sion/absorbtion of photons for the levels indicated in Table ??. First Optically forbidden transitions are

still possible with the involvement of
phonons.

of all, the spin selection rule ∆S = 0 forbids all transitions between
the singlet and triplet states, i.e. the state with spin multiplicity one
and three, respectively. Hence, the transition diagram can be split
onto two part tracing separately between singlet and triplet states
only as shown in Figure ??.

Secondly, the transition between 11S0 and 21S0 is forbidden be-
cause it refers to the transition between two states with J = 0.
Only single allowed transition involving the ground state is thus
11S0 ↔ 21P1. Another allowed transition between the singlet states
is 21S0 ↔ 21P1. Among the triplet states, the transitions allowed are
those between the 23S1 to 23PJ states.
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Figure 1.72: Table of the excited states
with one 1s-electron and with the
second electron in the second shell.

Figure 1.73: Transitions in the helium
atom.
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1.13 Diatomic molecules

Often atoms do not exist as individual objects, but form molecules.
The may simple, like hydrogen molecule H2 made of just two atoms,
or complex, like DNA molecules as perhaps the most famous exam-
ple. In this part of the course, we address simple diatomic molecules
with the main purpose to understand the mechanisms keeping differ-
ent atoms together and to identify the properties which were absent
in atoms.

1.13.1 Different bond types

Before going into more details, let us consider different bond types
one may find in the literature. Two "extreme" case are the ionic and
covalent bonds. If the former one can be rationalized from the classi-
cal standpoint, the latter intimately needs the concepts of quantum
mechanics. For understanding the ionic bond, recall our discussion
about the alkali metals and halogens at the end of Section ??. In the
alkali metals, the valency electron weakly bound to the core, hence
alkali metal can be easily ionized. For the halogens, accepting one
electron would make the charge cloud completely symmetric and
thus lower energy by excluding the rotational energy. What happens
when sodium (alkali) meets chlorine (halogen) is that Na readily
donates its outer electron, so that Cl can lower its energy by accept-
ing that electron. Because of the electron deficiency Na becomes
negatively charged, while Cl charges positively. The electrostatic in-
teraction between two ions keeps them together forming the NaCl
molecule (Figure ??). Thus, the energy of the NaCl molecule is lower
than the sum of the energies of two individual atoms. In the case of a
purely ionic bond, the electron transfer is considered to be complete,
i.e. the electron donated is considered to become the shell electron of
the electron acceptor.

Figure 1.74: Different bond types in
molecules.

Interestingly, Cl can form a Cl2 molecule as shown in Figure ??,
where obviously no donor-acceptor mechanism as in the previous
example can be expected. In this case, it turns that the bonding elec-
trons are symmetrically shared among the atoms. A simple classical
explanation of the bonding mechanism for the so-called covalent
bonding is absent. It involves an exchange interaction (see below),
having purely quantum-mechanical origin. Anything between these
two extreme situations is called polar covalent bond. With this one
refers to molecules, like HCl in Figure ??, in which the bounding
electrons are asymmetrically or unequally shared between two atoms.
One atom looses part of its charge, while another becomes partly
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positively charged. This is a hybrid situation, when there is the elec-
tron exchange as well as an electrostatic contribution to the interac-
tion.

1.13.2 Covalent bond

To understand the origin of the covalent bond, let us consider the
most simple hydrogen molecule. As it was already discussed in con-
nection with the helium atom, the problem of the hydrogen molecule
cannot be solved exactly, thus some approximations are needed.
Similarly to the helium case, let us assume the total Hamiltonian is
Ĥ = Ĥ0 + Ĥ1, where the zero-Hamiltonian is (consult Figure ?? for
the definitions)

Figure 1.75: The hydrogen molecule.

Ĥ0 = − h̄2

2m
∇2

1 −
ke2

r1a
− h̄2

2m
∇2

2 −
ke2

r2b
(1.364)

This Hamiltonian takes only electrostatic interaction of the first
electron with its nucleus A and of the second one with its nucleus B
into account as if the two nucleus were far apart from each other. The
rest is combined to Ĥ1:

Ĥ1 = − ke2

r1b
− ke2

r2a
+

ke2

r12
+

ke2

R
(1.365)

where R is the internuclear distance. The approximation now
is to treat Ĥ1 as a perturbation.16 Technically, this means that the 16 The two terms are negative and two

are positive, leading to some additional
compensation.

basis wavefunctions ψa(1) and ψb(2) are obtained using the zero-
Hamiltonian and are assumed to be unaffected by Ĥ1. Here, ψa(1)
(similarly for ψb(2)) is the wavefunction for the electron 1 when it is
about the nucleus A.

Note now that in the hydrogen atom the electron spins can be
either parallel or antiparallel, the Pauli principle allows both. For sys-
tem of two fermions, the total wavefunction describing both electrons
must be antisymmetric. Hence, if the spin wavefuction is symmetric
(triplet state), the spatial part must be asymmetric, similar to Eq. ??:

ψa = Ca (ψa(1)ψb(2)− ψa(2)ψb(1)) (1.366)

where Cs is the normalization constant. In contrast, for the spin
singlet case, the spatial part is symmetric:

ψs = Cs (ψa(1)ψb(2) + ψa(2)ψb(1)) (1.367)

The normalization constants Ca,s are found from the normalization∫ ∫
ψ∗

a,sψa,sdV1dV2, where the integration is perforned over spatial
coordinates of both electrons. It can be shown in this way that
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|Ca,s|2 =
1
2

1
1 ∓ S

(1.368)

where the exchange integral S is

S ≡
∫ ∫

ψ∗
a (2)ψ

∗
b (1)ψa(1)ψb(2)dV1dV2 =

∫ ∫
ψ∗

a (1)ψ
∗
b (2)ψa(2)ψb(1)dV1dV2

(1.369)
In the latter equation the two integrals on RHS are equal because

both electrons are identical. Now, with the total wavefunctions estab-
lished, the respective energies can be found as

Ea,s =
∫ ∫

ψa,sĤ0ψa,sdV1dV2 +
∫ ∫

ψa,sĤ1ψa,sdV1dV2 (1.370)

The first integral is equal to 2E0, where E0 is the ground state
energy of the hydrogen atom. By substituting Eqs. ?? and ?? into the
second integral, the energies are found as

Ea,s = 2E0 +
C ∓ A
1 ∓ S

(1.371)

where the Coulomb interaction integral C is17 17 Electron 1 "stays" always about the
nucleus A (and 2 about B), resembling
classical electrostatic interaction due to
two charge clouds.C ≡

∫ ∫
ψ∗

a (1)ψ
∗
b (2)Ĥ1ψa(1)ψb(2)dV1dV2 (1.372)

and the exchange interaction integral A is18 18 In this case A is non-zero if only the
states ψa(1) and ψb(1) exist simulte-
neously, i.e. electron cannot be assigned
to either atom. This interaction has no
classical analogue.

A ≡
∫ ∫

ψ∗
a (2)ψ

∗
b (1)Ĥ1ψa(1)ψb(2)dV1dV2 (1.373)

Figure 1.76: Energies of the hydrogen
molecule in singlet and triplet states as
a function of interatomic distance R.

Because the wavefunctions for the hydrogen ground state are
known functions, S, A, and C can be readily evaluated. Finally, the
energies for the singlet (Es) and triplet (Ea) states of the hydrogen
molecule as a function of the interatomic distance R result as shown
quantitatively in Figure ??. It turns out that in the triplet state forma-
tion of the hydrogen molecule is energetically unfavorable, while in
the singlet state there is an energy minimum at a certain interatomic
distance.

The result obtained can be rationalized in a way analogous to the
justification of the first Hund’s rule by referring to Figure ??. In the
case of the symmetric spatial wavefunction ψs, the probability to find
the electrons just in the central plane between two nuclei is finite,
but non-zero. The occurrence of non-zero electron cloud density be-
tween the nuclei can formally be seen as a mechanism leading to the
attraction between the electrons and nuclei along the internuclear
axis, hence resembling the nucleus-nucleus attraction. On the other
hand, with the anti-symmetric wavefunction ψa such mechanism is
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excluded due to the node of the wavefunction at the central plane (a
nodal plane). Even though we have used here some arguments which
sound classically, they are not. Indeed, in the electrostatics course
we have considered the problem of equilibrium of three charges and
have shown that without imposing additional constraints (e.g. mak-
ing the problem one-dimensional) no stable equilibrium is possible.
Hence, the stability of the hydrogen molecule has purely quantum
origin.

• E X E R C I S E 1.13. 1:
Prove Eqs. ?? and ??.

1.13.3 Molecular orbital

Figure 1.77: Energy diagrams for H2
and He2.

The example of hydrogen molecule just considered reveals that the
molecular orbital formed can lead the formation of a molecule, in this
case it is called bonding orbital, or prohibit its formation, in this case
it is called anti-bonding orbital. Clearly, whether an orbital is bonding
or anti-bonding is decided by the sign of the exchange integral A.
If it is positive, i.e. the charge cloud overlaps in between the nuclei,
effective attraction between the two nuclei stabilizes the molecule.
If the overlap is excluded, the effective repulsion pushes two atoms
apart. Quite generally, the exchange integral can be zero, giving rise
to non-bonding orbital.

Figure 1.78: Energy diagram for Li2.

The principal difference between atoms and (diatomic) molecules
is that in atoms there is only one single center, hence all directions
in space are equivalent. In molecules with two atoms the occurrence
of two point-like positive charges create a selected axis. The angular
momentum of the molecular electron may have only selected pro-
jections ml = 0,±1,±2, ... onto this axis. Thus, the symmetry of the
molecular orbital about this axis determines the properties of the
molecule. Molecular orbital may, thus, be labeled based on |ml | in a
way similar to the atomic ones. However, instead of the Latin sym-
bols, the Greek letters σ, π, δ, etc. are used. The σ orbital corresponds
with ml = 0, hence have rotational symmetry about the internuclear
axis and have no nodal planes containing this axis. The bonding or-
bital, denoted with σ, have also no nodal planes perpendicular to
the internuclear axis. The anti-bonding twin is denoted with σ∗ and
have one nodal plane perpendicular to symmetry axis. The π orbital
have one nodal plane containing the internuclear axis. It can be anti-
bonding as well, π∗. The δ orbital have two nodal planes passing
through the internuclear axis, and so on.

The molecular orbital are typically represented by their energy
diagrams. As exemplified in Figure ??, in the case of the hydrogen
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molecule, H2, the lowest lying level can be occupied by two electrons
in a spin up spin down configuration. This is the bonding σ orbital.
For the helium molecule to form, four 1s electrons of the helium
atoms should go to σ and σ∗ orbital because only two electrons in
one orbital are tolerated by the Pauli principle. Because one orbital
decreases the energy and another one rises it, it turns out that the av-
erage energy upon formation of the helium molecule decreases only
by about 0.01 kJ/mol. Therefore, the helium molecule is highly un-
stable and dissociates quickly upon its formation. The next molecule
in the series, lithium Li2, has the configuration (σ1s)

2(σ∗
1s)

2(σ2s)
2

with two 1s-electrons occupying σ orbital, two 1s electrons occupying
σ∗ orbital and with two 2s electrons occupying another σ orbital as
shown in Figure ??. The disassociation energy for Li2 is about 105

kJ/mol, hence it is stable. Its configuration reveals also that this is a
diamagnetic molecule.

Figure 1.79: Bonding (right) and anti-
bonding (left) molecular orbital due to
two pz electrons.

Figure 1.80: Bonding (upper panel) and
anti-bonding (lower panel) molecular
orbital due to two px electrons.

All previous examples involved s-electrons. What if the p-electrons
participate in the formation of a molecule? Let us consider the boron
molecule B2. The boron atom has one valency p-electron. Upon
forming a molecule, four s-electrons will fill σ and σ∗ orbital of the
molecule. The p-electrons may be combined in different ways. Let us
consider some scenarios.

• Two pz-electrons can form the σ orbital, which we may denote σz

expressing that it results by combining pz electrons with ml = 0.
Indeed, because the projections of the orbital angular momenta
on the interatomic axis are zero, they fall down into category of
σ orbital. The wavefunctions of the pz states may be combined in
the molecule as pzA + pzB and pzA − pzB. For the former one (see
Figure ??, left), the spatial part is anti-symmetric and the orbital
is anti-bonding. The latter one is, in contrast, symmetric, forming
thus the bonding orbital. Irrespective of which molecular orbit is
considered, the spin up spin down configuration must be realized,
because the spatial wavefunctions of two electrons are identical.

• Two px-electrons (or two py) can form the π orbital, which we
may, accordingly, denote πx. Here, |ml = 1, hence these are pi
orbital. Once again, the wavefunctions of the px states may be
combined in the molecule as pxA + pxB and pxA − pxB, which are,
respectively, the bonding and anti-bonding orbital (see Figure ??,
upper and lower panels). Both orbital formed by two electrons
demand their spin up spin down configuration.

• One πx and one πy configuration is possible as well.

Which orbital are the ground state orbital? In analogy with the
atomic systems, the Hund rules can also be applied here. Thus, the
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lowest energy state is the one with the highest multiplicity. The only
way to conform to this rule is to form πx and πy orbital with both
spin up configuration. Indeed, here the Pauli principle is not appli-
cable because we deal with two different quantum states. In contrast,
for σz, (πx)2 or (πy)2 states, the anti-parallel spins are demanded.
With lower total spin, they are more higher energy states.

The energy diagram for B2, C2 and N2 are shown in Figure ??.
For B2 we have thus two unpaired electrons which determine its
magnetic and reactive properties. For C2 the bonding orbital are full,
hence the molecule is diamagnetic. Two pair of paired electrons form
double bond, making the molecule diamagnetic and more stable as
compared to B2. Consequently, N2 has three pairs of paired electrons
and is the most stable molecule.

Figure 1.81: Energy diagram for B2 (red
spins), C2 (including blue spins), and
N2 (including green spins).

1.13.4 Hybridization of orbital

Figure 1.82: Structure of H2O.

Schematics in Figures ?? and ?? reveal that the principle shown there,
namely a proper overlap of the wavefunctions yielding the positive
exchange integrals, can be extended also for heteronuclear molecules
with different ground states. Thus, one s-electron one pz-electron can
be combined to form bonding and anti-bonding σ orbital. Moreover,
this principle can also be extended to a more complex molecules,
like water molecule. Oxygen in the ground state has two unpaired
p-electrons in the outer sub-shell. Let denote them as the px and py

electrons. To ensure proper overlap of the wavefunctions of these
electrons with two 1s-electrons of the hydrogen atoms, the latter
need to be attached to the positive parts of the p electrons as shown
in Figure ??. The Coulomb interaction, however, pushes the charge
clouds away from each other so that instead of 90◦ the angle between
two bonds becomes 104.5◦.

Such a schematic building principle is, however, not generally
valid. Consider, for example, the methane molecule CH4. With only
two unpaired electrons in the carbon atom, the formation of four
bonds with the hydrogen atoms cannot be explained within this
scenario. Four bonds would become possible if instead of considering
the ground state 1s22s22p2 of the carbon atom one would consider
its excited configuration 1s22s2p3. Clearly, to excite the atom some
energy is needed (so-called activation barrier of about 400 kJ/mol),
but if the gain in energy upon the formation of four bonds with four
hydrogen atoms is favorable, such molecule can be formed. Still there
is one problem. Three bonds formed with the 2p-electrons and one
bond with the 2s-electron would yield inequivalent bonds, i.e. one
of them will be different from the rest three. The experiments show,
however, that all four bonds in methane are completely identical! We
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must conclude thus that upon mixing of the s and p orbital the new
indistinguishable orbital are formed. This process is called orbital
hybridization.

Let us analyze the methane molecule just considered. In this case
one has so-called sp3-hybridization because one s and three p orbital
are mixed up to form four identical orbital. These orbital resulting
are obtained as linear superpositions of the atomic orbital. To con-
struct the first hybrid orbital one may consider the combination the s
orbital with pz. In this way, we fix one direction in space and obtain
the orbital elongated along z-axis:

ψm1 = a11ψ2s + a12ψ2pz (1.374)

where aij are some constants to be determined later. We are still
free to fix the direction of one of the next orbital to not have, e.g., y
component:

ψm2 = a21ψ2s + a22ψ2pz + a22ψ2px (1.375)

The rest two can be written down quite generally as

ψm3 = a31ψ2s + a32ψ2pz + a33ψ2px + a34ψ2py (1.376)

ψm4 = a41ψ2s + a42ψ2pz + a43ψ2px + a44ψ2py (1.377)

Figure 1.83: The arrows show the
orbital directions in CH4 with the
carbon atom being in the cube center.

Because the strength of all four bond should be equal according to
the experimental observations, ai1 = a. Thus, we have ten unknown
coefficients aik. Four of them can be found from the normalization
of the wavefunctions. Another six can be determined by the require-
ment of orthogonality of the wavefunctions. Thus, all coefficients aik

can be obtained, hence all molecular orbital can be established. In the
literature often a more convenient symmetric form of the molecular
orbital can be found, which are obtained by linear superpositions of
the equations above:

2ψm1 = ψ2s + ψ2pz + ψ2px + ψ2py (1.378)

2ψm2 = ψ2s + ψ2pz − ψ2px − ψ2py (1.379)

2ψm3 = ψ2s − ψ2pz + ψ2px − ψ2py (1.380)

2ψm4 = ψ2s − ψ2pz − ψ2px + ψ2py (1.381)

In summary, hybridization in the methane molecule leads to the
formation of four equivalent sp3 hybrid orbital with the elongation
directions shown in Figure ??. The angle between them constitutes
109◦28′.
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The hybridization of different atomic orbital is, however, nothing
exotic. It is very similar to what has been discussed in connection
with the sharing of the electrons by two atomic orbital in the hydro-
gen molecule. They were described by superposition of two wave-
functions corresponding with the electronic states in two atoms. The
hybridization of different orbital is quite similar. If the energies of
two orbital, even being different such and s and p, are close, then the
molecular system can "alternate" between different states with identi-
cal energies. In the case of CH4, indeed the 2px,y,z and 2s orbital have
almost identical energies, allowing for their mixing.

1.13.5 Molecular spectroscopy

Figure 1.84: Heat capacity of molecular
systems.

Figure ?? shows schematically how the heat capacity of a molecule
changes with temperature. For some time these diagrams irritated
scientists because it questioned the equipartition theorem predicting
the molar heat capacity of 7R/2. The explanation has come only with
the development of quantum mechanics allowing to associate the
steps down with the freezing out of the vibrational and rotational
degrees of freedom.

in the widely used in quantum mechanics of molecules Born-
Oppenheimer approximation, dynamics of nuclei and electrons are
treated separately. This is justified by the fact that nuclei in atoms
are much heavier than electrons. Thus, the total wavefunction of the
molecules is given by the product of two wavefunctions depending
solely on the nuclear and electronic coordinates. Only the former one
will be in the focus of this section.

Because we are not interested in translational properties of the
molecules, it is convenient to use the Schrödinger equation in the
center-of-mass coordinate system. The Hamiltonian H in this case is

H =
p2

2µ
+ U(r) (1.382)

where µ is the reduced mass and both terms on RHS depend on
the iternuclear distance r only. The respective Schrödinger equation
in the spherical coordinate system is

1
R(r)

∂

∂r

(
r2 ∂R(r)

∂r

)
+ r2 2m

h̄2

(
E −

[
U(r) +

l(l + 1)h̄2

2µr2

])
= 0 (1.383)

Let us now specify the term in the square brackets on RHS of
Eq. ??, which is the sum of potential and rotational energies of the
molecule. We may refer to it as an effective potential Ue(r). U(r) is
the electrostatic interaction between two atoms. For small r, U(r)
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increases sharply due to the internuclear repulsion. On the other
hand, for large r U(r) increases with increasing r due to the exchange
interaction. A stable configuration of the molecule is attained at a
distance r0 between two nuclei, where energy of the electrostatic
interaction has a minimum. If, however, the molecule rotates about
the symmetry axis perpendicular to the internuclear axis, position of
the minimum may change because of the centrifugal forces. Hence,
a new (dynamic) equilibrium position will be approached. Let us
denote it rl with the index l expressing the fact that it depends on the
quantum number l determining the angular velocity of rotation.

If to consider now the vibrational degrees of freedom, the inter-
nuclear distance can oscillate about rl . These oscillations are, quite
generally, anharmonic, because the potential U(r) is obviously asym-
metric. For small vibration amplitudes the potential energy U(r) can,
however, be expanded in a Taylor series and the terms higher than
quadratic one be neglected. This will be a reasonable approximation
for r in a vicinity of rl . Thus, the effective potential Ue(r) becomes

Ue(r) = U(rl) +
1
2

∂2U
∂r2 (r − rl)

2 +
l(l + 1)h̄2

2µr2
l

(1.384)

Note that the term proportional to r − rl is not included because its
coefficient ∂U

∂r |r=rl = 0. For a parabolic potential U = 1
2 krr,

∂2U
∂r2 = k = µω2

υ (1.385)

where ωυ is the angular frequency of rotation. With this, Eq. ?? can
be rewritten as

Ue(r) = U(rl) +
1
2

µω2
υ(r − rl)

2 +
l(l + 1)h̄2

2I
(1.386)

where µr2
l = I is the moment of inertia of the molecule.

Let us evaluate the energies associated wwith the vibrational de-
grees of freedom. To do this, we introduce new function ρ(r) = rR(r)

and new variable ξ =
√

µωυ

h̄ (r − rl). With them and with Eq. ??,
Eq. ?? simplifies to

∂2ρ

∂ξ2 +
(

ϵ − ξ2
)

ρ = 0 (1.387)

where we have introduced ϵ as

ϵ =
2

h̄ωυ

(
E − U(rl)−

l(l + 1)h̄2

2I

)
(1.388)

We have already dealt with Eq. ?? in the context of the harmonic
quantum oscillator (see Eq. ??). We may thus directly use the so-
lution for the energy of the quantum oscillator as given by Eq.??,
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ϵ = h̄ωυ(υ + 1/2). In the last expression we used υ which is an
integer (υ ≥ 0). Finally, the total energy of a molecule is found as

E = U(rl) + h̄ωυ

(
υ +

1
2

)
+

l(l + 1)h̄2

2I
(1.389)

The first term in this equations is determined by the electronic
states of the atoms, the second and third one by the vibrational and
rotational states, respectively. Recall, this result was obtained under
the Born-Oppenheimer approximation when the electronic states do
not depend on the nuclei positions. Being instructive, the solution ob-
tained with the parabolic potential is not very useful in practice. The
experimental spectra obtained for diatomic molecules are typically
complex and exhibit vibrational band structures, which cannot be ex-
plained by using the harmonic approximation. The main bottleneck
here is that the selection rule for the quantum harmonic oscillator
allows only transition between the energy levels such that ∆υ = ±1.

Figure 1.85: Fluorescence spectrum of
the iodine molecule showing different
vibrational transitions corresponding
with the transitions to the ground state
(red), the first (green) and the second
(blue) excited electronic states.

To show that, one need to inspect whether the dipole matrix, de-
scribing the transitions, has non-zero off-diagonal elements. For the
harmonic quantum oscillator the wavefunctions for the states with
different υ are given by Eq. ??. The orthogonality relation for the
Hermite polynomials is∫ ∞

−∞
Hn(x)Hm(x)e−x2

dx =
√

π2nn!δnm (1.390)

For the off-diagonal dipole matrix elements to be non-zero, the
integral

I =
∫ ∞

−∞
Hn(x)xHm(x)e−x2

dx (1.391)
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needs to be inspected. By using the recurrence relation

xHm(x) =
1
2

Hm+1(x) + mHm−1(x) (1.392)

it is easy to see that I will not be zero only if m = n ± 1.

Figure 1.86: Harmonic (yellow) and
Morse (blue) potentials with the hori-
zontal lines showing the energy levels
for different υ.

In reality, the potential U(r) is asymmetric, giving rise for the
anharmonic oscillation. The selection rule ∆υ = ±1 under these
conditions is not applicable anymore, and any transitions ∆υ =

±1,±2,±3, ... become allowed. The most widely used asymmetric
potential is the Morse potential (see Figure ??),

U(r) = Edis

([
1 − ea(r−rl)

]2
− 1
)

(1.393)

where Edis is the energy of disassociation and a is a constant. The
vibrational energies associated with the Morse potential are found as

Evib = h̄ωυ

(
υ +

1
2

)
+ Ah̄ωυ

(
υ +

1
2

)2
(1.394)

where A is the measure of anharmonicity of the potential. This
equation reveals that, first of all, the energy levels are not equidistant
anymore in contrast to the harmonic potential. Secondly, as it has
already be mentioned earlier, the off-diagonal dipole matrix elements
are non-zero for any n and m where υ = n, m are the vibrational
modes. However, the fundamental transition with ∆υ = ±1 appears
to be the most intense, other transitions are notably weaker.

If now to consider two electronic energy levels in a molecule,
they split into many sub-levels associated with different vibrational
energies. This splitting is typically much smaller than the energy
difference between the energies of different electronic states. To give
some feeling, the energy of disassociation for, e.g, the iodine molecule
is of about 1.5 eV, while h̄ωυ ≈ 0.027 eV only. If to excite the iodine
molecule with a laser irradiation with the laser frequency tuned to
induce the transitions from the ground state to a state with a higher
principal quantum number n′ for the electronic state and with a vi-
brational mode υ′ and to detect then the fluorescence spectrum, i.e.
to follow the relaxation to the equilibrium, the spectrum recorded
will contain several transition groups as shown in Figure ??. The
most intense transition is related to the transition to the ground elec-
tronic state with n = 1. However, the fluorescence spectrum associ-
ated with this transition exhibits a fine structure reflecting transitions
from υ′ of the excited state to different υ of the ground state. Note
that and transitions ∆υ = υ′ − υ become allowed because of the an-
harmonic character of vibrations. The first group of the transitions in
Figure ?? is followed by the second one due to transitions from the
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excited state to the first excited electronic state, followed by another
group to the second excited states, and so on.

By increasing the experimental resolution it can be shown that
there is additional sub-structure in the spectrum related to the energy
splitting due to molecular rotations. The energy separation due to
different rotation modes is notably smaller as compared to the vibra-
tional modes (one to two orders of magnitude lower). The rotational
and vibrational frequencies appear hence to be notably different. As
an example, in the sodium molecule the period of vibrations is about
10−13 s, while the period of rotations is of the order of 10−10 s only.
Because the vibrations intimately mean that the internuclear distance
oscillates and these oscillations are notably faster than the rotational
frequency, it turns out that the moment of inertial of the molecule
should as well vary periodically. Because the angular momentum
due to rotations should be conserved, i.e. Iωrot = const, this means
that the rotation frequency and rotational energy should vary peri-
odically with the period equal to the period of vibrations. Moreover,
because the total energy is conserved as well, there must be energy
flow between the energies of vibrations and energy of rotation.

The selection rules for the rotational transitions of diatomic molecules
require ∆l = ±1. Combined with the selection rules for electronic
and vibrational transitions, they determine the molecular spectra.
The transition may occur as between the excited electronic states, as
well as between different vibrational and rotational states within one
electronic states. For the latter, however, the formation of an electric
dipole is needed. In homonuclear diatomic molecules the symmet-
ric nuclear charges cannot form the dipole, hence for homonuclear
molecules transition within one electronic states are not possible.

The intensities of different transitions are proportional to the
square of the respective diploe matrix elements |Mik|2. Here, the
states k and i are determined by electronic, spin, vibrational and
rotational states of a molecule. If to consider a homonuclear di-
atomic molecule, the only source for the formation of an electric
dipole is a transition between different electronic states. In the Bohr-
Oppenheimer approximation, the electronic process occur on a much
shorter time scale than the nuclear ones. That means that during the
electronic transitions the internuclear distance is considered to be
unchanged. Hence, the wavefunctions associated with the electronic,
spin, vibrational and rotational states are independent from each
other. The total wavefunction is the product of these four. The dipole
element is given thus by the product of four integrals:
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Mik =
∫

ψ∗
eipψekdτe ×

∫
ψ∗

siψskdτs×∫
ψ∗

viψvkdτv ×
∫

ψ∗
riψrkdτr

(1.395)

Note that, due to the Born-Oppenheimer approximation made,
only the first integral related to the orbital motion of the electrons
contains the dipole vector, hence the positional coordinate. The in-
tensities of the transitions are determined by these four integrals. In
particular, the first integral in the second line, the so-called Frank-
Condon factor, depends on an overlap of two wavefunctions asso-
ciated with the vibrational modes. Clearly, stronger is the overlap,
stronger is the respective transition.

Figure 1.87: Schematic demonstration
of the Frank-Condon principle for the
purely rotational transition (∆υ = 0)
and for vibrational/rotational transition
(∆υ = 2).

As it is schematically shown in Figure ??, if for the two electronic
states the nuclear coordinates coincide, the most likely the transi-
tion will occur between two vibronic states with both υ = 0 and
υ′ = 0, because their overlap is strongest. If this happens within
one electronic state, the transition is purely rotational. If however
the internuclear distances between two states are different, then the
strongest overlap may occur for the vibrational modes with different
υ. This is also exemplified in Figure ??, where the overlap between
two vibronic wavefunctions with υ = 0 and υ′ = 2 is the strongest.
This principle is know as the Franc-Condon principle.
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1.14 Basics of polymer physics

Polymers are large molecules constituted by a large number of iden-
tical repeating units, so called monomers. This is a very important
class of materials with unique properties, so that among all hand-
made materials found around us about 30% − 40% are polymeric
ones. Polymers are not only of synthetic nature. Thus bio-polymers
are basic building elements for wood, tissues, bones, and together
with very special bio-polymers, such RNA or DNA, they form ba-
sis for live matter. Physics of polymers is a relatively young (about
100 years old) branch of modern sciences with two main focus areas
in electronic and conformational properties of these systems. The
electronic properties dictate the chemical structure of monomeric
units, which determine some macroscopic properties, such as soft-
ness (rubber) or hardness (plastics), optical and dielectric properties,
etc. The conformational properties of polymeric systems, caused by
large numbers of repeating units from 10

2 to 10
6 and linear character

of these molecules, made them to unique objects. They, in particular,
result (i) in long-range correlations causing strong fluctuations in
polymeric systems, very low entropies, and very strong susceptibility
to external forces, and (ii) in (infinitely) long memory caused by fixed
sequence and position of monomeric units (linear memory) and by
spatial constraints, such as excluded volume interaction (topological
memory). In this chapter, we cover only basics of statistical physics of
polymeric systems. In particular, we consider two examples demon-
strating static and dynamic properties of polymer chains.

1.14.1 Some basic facts

Figure 1.88: A piece of polyethylene
molecule

Figure 1.89: Ethylene

Let us consider one common polymer, polyethylene shown in Fig-
ure ??, to get feeling of some basic properties of all polymeric chains.
This polymer has a basic repeating unit with the chemical formula
C2H4, hence the polymer itself is commonly denoted with [-(C2H4)-
]n (sometimes [-(CH2)-]n ), where n is the degree of polymerization.
The end- or terminal groups are typically not shown while they have
minor impact keeping in mind large values of n.

Polyethylene is obtained in a polymerization process from ethy-
lene (Figure ??), in which two carbon atoms are bound by a double
bond. It includes one σ-bond between two sp2-hybridized molecu-
lar orbitals and one π-bond between two pz non-hybridized atomic
orbitals of the carbon atoms. The latter two are each bonded to two
hydrogen atoms via s-sp2 σ bonds. This molecule has planar molecu-
lar geometry. Because of the occurrence of one π-bond between two
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carbon atoms, the two parts cannot be rotated relative to one another
about the symmetry (internuclear) axis. In the polymerization reac-
tion, an intermediate radical interacts with one ethylene molecule
by breaking the π-bond and pairing with one of the electrons. The
second electron thus remains unpaired and the molecule formed is
itself a radical. It reacts with another ethylene molecule by forming
a σ-bond between two carbon atoms. The product is still a radical,
hence the reaction can proceed further until it is terminated by meet-
ing another radical. The latter can be, in particular, another long
polyethylene chain with one unpaired electron.

All internuclear carbon-carbon axes are not aligned along one
line and two neighbour pairs can be tilted and form some angle be-
tween them. This is dictated by a particular chemical structure of
the monomer units. Notably, because the bonds between the carbon
atoms in, e.g., polyethylene, are covalent σ-bonds, the parts attached
to these carbon atoms can be rotated relative each other about the
internuclear axis. And this can be done about each C-C bond! Thus,
a single long chain can be found in extremely large number of differ-
ent geometric configurations called conformations. Due to interactions
between, for example, neighbouring CH2-groups (in fact more long-
range interaction can be present), the interaction energy may vary
with the rotation angle α between two groups. Once again, depend-
ing on the chemical structure of the monomers, there might be sev-
eral interaction energy minima and maxima. If there are k preferen-
tial relative orientations, then the number of different conformations
will scale as kn, which indeed can be infinitely large.

Figure 1.90: Polymer chain

1.14.2 Conformation of ideal polymer chain

How to characterize these conformations? One of the key parameters
used commonly is the so-called Flory radius R⃗, which is the vector
connecting two end monomers of the chain. With the schematic illus- Paul John Flory is one of the founders

of polymer physics.tration of a random polymer chain in Figure ??, the Flory radius is
defined as

R⃗ =
N

∑
k=1

r⃗k (1.396)

where r⃗k = R⃗k − R⃗k−1 and R⃗k is the radius-vector pointing to
the end of the segment k. The families of the vectors {R⃗0, ...R⃗N} or
{⃗r1, ...⃗rN} determine a particular conformation of the polymer chain.
All segments can be considered to have identical numbers of the
monomer units. However, all vectors r⃗k may differ both in length and
direction due to different conformations of individual segments. The
simplest statistical description of the polymer coil is given by the so-

https://www.nobelprize.org/prizes/chemistry/1974/summary//
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called Green function, G(R⃗, N), which is the probability density for a
polymer chain having N segments to have the Flory radius R⃗.

To find G(R⃗, N), we introduce the segmental distribution func-
tion ϕ(⃗r) describing the probability density for a segment to have
the vector r⃗ connecting its two ends. In an isotropic space this func-
tion obviously depends on the magnitude |⃗r| only. In the ideal chain
approximation, the inter-segmental interactions are neglected, i.e.,
no correlations between the directions of r⃗k and r⃗k−1 are considered.
Therefore, the probability density function Φ{⃗r1, ...⃗rN} for having a
given sequence of segments in an ideal chain is

Φ{⃗r1, ...⃗rN} = ∏
k=1..N

ϕ(⃗rk) (1.397)

Now the Green function can be found as an average over all con-
formational configurations satisfying the given Flory radius R⃗ f ,

G(R⃗ f , N) =
∫

...
∫

Φ{⃗r1, ...⃗rN}δ

(
R⃗ f −

N

∑
k=1

r⃗k

)
∏

k=1..N
d⃗rk (1.398)

Note that in this integral the Kronecker δ-function ensures that,
among all different possible conformations, only those with the ap-
propriate Flory radius are considered. Further, it is convenient to
consider the integral representation of the δ-function:

δ(⃗r) = (2π)−3
∫

ei⃗k⃗r d⃗k (1.399)

so that Please not be confused with the wave-
vector k⃗ and the summation index k,
these are different quantities.

δ

(
R⃗ f −

N

∑
k=1

r⃗k

)
= (2π)−3

∫
ei⃗kR⃗ f ∏

k=1..N
e−i⃗k⃗rk d⃗k (1.400)

With Eqs. ?? and ?? , G(R⃗ f , N) is found as

G(R⃗ f , N) = (2π)−3
∫

ei⃗kR⃗ f

(∫
...
∫

∏
k=1..N

ϕ(⃗rk)e−i⃗k⃗rk d⃗rk

)
d⃗k (1.401)

Note that in the integral in the brackets the variables are separable.
Moreover, all integrals are identical, hence

∫
...
∫

∏
k=1..N

f (⃗rk)e−i⃗k⃗rk d⃗rk =

(∫
ϕ(⃗r)e−i⃗k⃗r d⃗r

)N
(1.402)

The integral in RHS of Eq. ?? is nothing else than an average of the
function e−i⃗k⃗r over all possible segmental fluctuations (realizations):∫

f (⃗r)e−i⃗k⃗r d⃗r ≡ ⟨e−i⃗k⃗r⟩s (1.403)
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In polymer physics, this quantity is called statistical structure factor
of the (Kuhn) segments. The meaning of the Kuhn segment will

become apparent in later.Let us first inspect the structure of the integral in Eq. ??. Because
the δ-function is nonzero only at R⃗ f , hence the major contribution
to the integral give the wave-vectors with k ≈ R−1

f . On the other
hand side, the segmental distribution functions ϕ(r) are centered
around some average segment length b as shown in Figure ??. For
large segment numbers N the Flory radius is much longer that the
segment length, R f ≫ b. Indeed, we will see later that R f ∝

√
Nb.

Thus, with k ≈ R−1
f , the scalar product k⃗⃗r in the Green function is

of the order of b/R f ≪ 1. This justifies expanding ⟨e−i⃗k⃗r⟩s into the
Taylor series:

⟨e−i⃗k⃗r⟩s ≈ ⟨1 − i⃗k⃗r − 1
2
(⃗k⃗r)2 + ...⟩s (1.404)

Figure 1.91: Segmental distribution
function

and consider only first non-vanishing terms. In component form
(α, β = x, y, z) it can be written as

⟨e−i⃗k⃗r⟩s ≈ 1 − i ∑
α

kα⟨rα⟩s −
1
2 ∑

α
∑
β

kαkβ⟨rαrβ⟩s (1.405)

In isotropic space ⟨rα⟩s = 0. On the other hand side,

∑
α

∑
β

kαkβ⟨rαrβ⟩s = ∑
α

k2
α⟨r2

α⟩s (1.406)

just because all cross-terms, like ⟨rxry⟩s, are zeros because of the
space isotropy. Even more, latter means as well that

⟨r2
α⟩s =

1
3
⟨r2⟩s ≡

1
3

b2 (1.407)

With the last equality we have introduced the Kuhn segment hav-
ing the length b and determined as

b2 =
∫

r2ϕ(⃗r)d⃗r (1.408)

b turns out to be one of the most important parameters in polymer
physics. Its physical interpretation follows from the assumption we
have made earlier that the two adjacent segments are uncorrelated.
Thus, the Kuhn segment is the minimal segment such, that all angles
between the radius vectors of two adjacent segments can be consid-
ered to be equivalently probable. Clearly, the Kuhn segment length
depends on the chemical structure of the polymer chain, so it is a
characteristics of particular polymer systems. Its introduction, how-
ever, allows for treating all long-chain polymer systems irrespective
of their chemical structures.

The segmental structure factor results now as
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⟨e−i⃗k⃗r⟩s ≈ 1 − 1
6

k2b2 ≈ exp
{
−1

6
k2b2

}
(1.409)

By substituting it into the integral in Eq. ??, the Green function is
found to be

G(R⃗, N) = (2π)−3
∫

exp
{

i⃗kR⃗ − 1
6

k2b2
}

d⃗k (1.410)

Here, the subscript f has been omitted from the Flory radius just
to have it in a more conventional form. Integrating this equation
yields finally the Green function for ideal polymer chains in the form

G(R⃗, N) =

(
2π

3
Nb2

)−3/2
exp

{
−3

2
R2

Nb2

}
(1.411)

• E X E R C I S E 1.14. 1:
Integrate Eq. ?? to obtain Eq. ??.

The Green function plays a central role and is used fro obtaining
many relevant parameters of the polymeric systems. Let us, as an
example, evaluate the Flory radius. For its quantification the mean
square end-to-end size is used (note that the mean value is zero and
hence meaningless)

⟨R2⟩ ≡ R2
f =

∫
R2G(R⃗, N)dR⃗ (1.412)

The integral is evaluated to a very simple relationship

R2
f = Nb2 (1.413)

In fact, the last law is easy to obtain without knowing the exact
functional for of the Green function. Indeed, let us square Eq. ?? and
average it over many subsequent, random realizations of the polymer
chain:

⟨R⃗2⟩ = ⟨(
N

∑
k=1

r⃗k)
2⟩ =

N

∑
k=1

N

∑
j=1

⟨⃗rk⃗rj⟩ (1.414)

Let us fix the length of each segment length to b, then

⟨R⃗2⟩ = b2
N

∑
k=1

N

∑
j=1

⟨cos(⃗rk⃗rj)⟩ (1.415)

If there no correlations between the directions of any two vectors
r⃗k and r⃗j for k ̸= j, then the average of cosine function is zero. Thus
only the terms with k = j survive over averaging and all are equal to
1. Hence, Eq. ?? is immediately obtained.
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• E X E R C I S E 1.14. 2:
Integrate Eq. ?? to obtain Eq. ??.

Eq. ?? suggest experimental mean for probing the Kuhn segment
length experimentally. Indeed, the Flory radius can be measured
experimentally. For example, in the most direct way the end groups
can be terminated by fluorescing species and the average distance
measured with a microscope. Or there are other less direct means
to asses R f by measuring the polymer globule size via diffusion or
viscosity measurements. On the hand side, the total length L of the
polymer chain (such as the length in the stretched, linear state) can
be estimated based on the chemical structure and the molecular mass
of the polymer. With this two known quantities, and while L = nb, b
is easily obtained as

b =
R2

f

L
(1.416)

Typically, the Kuhn segment lengths vary from about 6 to 20 , i.e.
contains several to 10 monomer units. But there are, of course, more
rigid polymers with notably longer Kuhn segment lengths.

1.14.3 Models of polymer chains

Freely-joined polymer chain. In this model each segment has a
fixed length and there is no correlations between the segment axes.
The segmental distribution function is given by

ϕ(r) =
1

4πb2 δ(r − b) (1.417)

Gaussian coil. For the Gaussian polymer coil the length of the
segments is given by a Gaussian distribution, while orientations of
the segments is arbitrary:

ϕ(⃗r) =
(

2π

3
b2
)−3/2

exp
{
−3

2
r2

b2

}
(1.418)

For the Gaussian coil, r2
s = b2 and the Green function is given by

Eq. ??.

• E X E R C I S E 1.14. 3:
Prove that for Gaussian coil r2

s = b2 .

Figure 1.92: Worm-like chain

Persistent coil or worm-like chain. Figure ?? shows another often
used model of worm-like chain. This is a relatively rigid structure re-
sembling a rubber tube. Short pieces of it are more or less rigid, but it
bends on larger length scales. For its characterisation it is convenient
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to introduce a curvilinear coordinate s along the chain, which is the
length counted from one of the chain end. At each coordinate s, one
may find the tangential unit vector ê(s) as

ê(s) =
∂⃗rs

∂s
(1.419)

Let us now consider two points s1 and s2 on the chain. For the
worm-like chain the autocorrelation function ⟨ê(s1)ê(s2)⟩ has the
following property

⟨ê(s1)ê(s2)⟩ = exp
(
−|s1 − s2|

lp

)
(1.420)

where lp is called persistent length of the chain.
The Flory radius of the persistent coil is found as

R f =
∫ L

0
ê(s)ds (1.421)

and its mean square value as

⟨R2
f ⟩ =

∫ L

0
ds1

∫ L

0
⟨ê(s1)ê(s1)⟩ds2 (1.422)

With Eq. ??, the last integral is evaluated to

⟨R2
f ⟩ = 2Llp − 2l2

p

(
1 − e−L/lp

)
(1.423)

It is interesting to find the Kuhn segment length of the worm-like
chain by using Eq. ??,

b =
⟨R2

f ⟩
L

= 2lp − 2l2
p

(
1 − e−L/lp

)
/L (1.424)

which is in the limit L ≫ lp gives

b = 2lp (1.425)

• E X E R C I S E 1.14. 4:
In addition to Flory radius, a similar quantities are involved in
description of some physical phenomena. Among them one may
mention the gyration radius Rh and the radius of inertia Rg. They
are encountered in obtaining of, for example, the diffusion coeffi-
cient of a polymer coil via the Stokes-Einstein equation and of the
moment of inertia, respectively. R2

g is defined as the mean square
distance of the segments from the center of mass and R−1

h as the
average ⟨r−1

nk ⟩, where rnk is the distance between segments k and n
in the coil. Find these two quantities for a Gaussian coil and show
that R2

g = R2
f /6 andRh =

√
3π/27R f .
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1.14.4 Elasticity of ideal polymer chain

As an important example of application of the Green function, let us
address elastic properties of polymer systems and find a reaction of
the polymer coil on an applied external force F⃗e. We may assume that
this force is applied to one of the ends of the polymer chain while the
second is kept fixed and the process is quasistatic. The latter means
that along this change the system is always in equilibrium, i.e. the
force applied is balanced by the coil reaction force F⃗c. This action
will lead to a change of the Flory radius by dR⃗ that causes reshaping
of the polymer globule, i.e. modification of the conformation. The
amount of work needed for that is

δW = F⃗edR⃗ = −F⃗cdR⃗ (1.426)

The internal energy U of an ideal chain does not depend on a
particular conformation it is found in because of the absence of
any intersegmental interactions. Hence it is determined by purely
segmental properties and how these segments interact with envi-
ronment. Consequently, upon variation of the coil conformation, or
upon variation of the Flory radius, U remains constant. The 1st law
of thermodynamics in this case is simply

δW + δQ = dU = 0 (1.427)

That means that the work done by the system plus heat consumed
from environment do not change the internal energy of the system.
If temperature is fixed by the external bath, δQ = TdS. Hence the
external force causes change of the system entropy.

What is the entropy of an ideal coil? Recall the statistical inter-
pretation of entropy discussed in the thermodynamic course, where
it has been introduced as S = k ln(Ω), where Ω is the total num-
ber of microstates (conformations) the system can be found in. We
are interested here in the number of microstates ΩR satisfying the
Flory radius R⃗. If the internal energy is irrespective of the coil confor-
mation, the probabilities pi for finding any particular conformation
(microstate) turns out to be identical. The Green function is normal-
ized, it has physical meaning of probability to find any conformation
with the Flory radius R⃗, i.e. ΩR = G(R⃗, N)Ωt, where Ωt is the total
number of microstates the coil may assume (with any Flory radius).
Thus, entropy of an ideal coil with the Flory radius R⃗ is thus Please recall that entropy is defined to

precision of a constant!

S = k ln
(

G(R⃗, N)Ωt

)
(1.428)

Because we are looking for the entropy change, all constant terms
can be dropped out and, with Eq. ??, we find
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dS = kd ln
(

G(R⃗, N)
)
= −3kR

nb2 dR (1.429)

Subsequently, Eq. ?? results in

F⃗c = −3kTR⃗
Nb2 (1.430)

The last equation means that there is an attraction force between
two ends of the polymer chain. This force is of purely entropic origin,
where the system tries to maximize its entropy. As an analogue, ideal
gas exerts pressure on the reservoir walls.

From another perspective, a (weak) external force applied to the
polymer chain will result in the chain deformation (elongation). The
longer is the chain, the stronger is deformation. This applies for chains with short

end-to-end distances. For strongly
deformed chains another effects need to
be considered.• E X A M P L E 1 . 1 4 . 1 :

Eq. ?? can be easily derived phenomenologically as follows.

solution:
Let us assume the existence of a hypothetical potential field U′, so
that different polymer conformations are associated with the different
potential energies in this field. The relative fractions of different
conformations should satisfy the Boltzmann statistics. On the other
hand side, these fractions are given by the Green function. Thus, it
immediately follows that

−3
2

R2

Nb2 = −U′

kT
(1.431)

The force Fc acting on the coil in this potential field is

Fc = −∂U′

dR
= −3kTR

Nb2 (1.432)
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1.15 Appendixes

In the appendix part different chapters providing with more de-
tails to the topics covered are collected.

1.15.1 pz, px, py orbital

The hydrogen wavefunctions ψn,l,m can be separated onto spatial
and angular parts. The angular part determines the symmetries of
the electron densities. For the state with l = 0 there is a spherical
symmetry. For l = 1, there are three different options m = 0,±1
determining the projection of the angular momentum onto z-axis, e.g.
direction of a magnetic field. The angular part of the wavefunctions,
namely spherical harmonics functions Y0

1 , Y1
1 and Y−1

1 form a set of
orthogonal basis functions, so that any state can be described by their
linear superpositions.

Figure 1.93: Angular parts of the
wavefunctions corresponding with the
pz, px , py orbital.

The case m = 0 is simple to treat because

Y0
1 =

√
3

4π
cos(θ) (1.433)

is a real function. It is positive for z > 0 and negative for z < 0
and has an axial symmetry about z-axis, as shown in Figure ??. The
electron density is found as |Y0

1 |2 (see Figure ??). The wavefunction
of this state can be called pz orbital. It is, in fact, equivalent to say
l = 1, ml = 0.

For two other states with ml = 1 and ml = −1, there is no simple
representation of the spherical harmonics, because they are imag-
inary functions. But combining them as Y+

1 = α(Y1
1 + Y−1

1 ) and
Y−

1 = β(Y1
1 − Y−1

1 ) one may form two functions which are real,
orthogonal, and normalized:

Y+
1 =

√
3

4π
sin(θ) cos(ϕ) (1.434)
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and

Y−
1 =

√
3

4π
sin(θ) sin(ϕ) (1.435)

The electron clouds described by these new wavefunctions are
found to be completely similar to that described by Y0

1 , but elongated
along x- and y-axes, respectively. The two states are referred to as
px and py orbital. Thus, one can use a more convenient set of the
wavefunctions (Y0

1 , Y+
1 , Y−

1 ) instead of (Y0
1 , Y1

1 , Y−1
1 ).

Combining angular and radial parts of the wavefunctions, the
pz, px, py orbital may simply be represented as

ψ(pz) = z f (r) (1.436)

ψ(px) = x f (r) (1.437)

ψ(py) = y f (r) (1.438)

where f (r) is a function of r only.
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